1.
2.

2.1.
2.2.
2.3.
2.4.
2.5.

3.

3.1.
3.2.
3.3.
3.4.
3.5.
3.6.
3.7.

A LOCAL MODEL FOR THE TRIANGULINE VARIETY AND

APPLICATIONS
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ABSTRACT. We describe the completed local rings of the trianguline variety at certain
points of integral weights in terms of completed local rings of algebraic varieties re-
lated to Grothendieck’s simultaneous resolution of singularities. We derive several local
consequences at these points for the trianguline variety: local irreducibility, descrip-
tion of all local companion points in the crystalline case, combinatorial description of
the completed local rings of the fiber over the weight map, etc. Combined with the
patched Hecke eigenvariety (under the usual Taylor-Wiles assumptions), these results in
turn have several global consequences: classicality of crystalline strictly dominant points
on global Hecke eigenvarieties, existence of all expected companion constituents in the
completed cohomology, existence of singularities on global Hecke eigenvarieties.
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1. INTRODUCTION

Let p be a prime number and n > 2 an integer. The aim of this paper is to prove several
new results in the theory of p-adic overconvergent automorphic forms on unitary groups
and in the locally analytic p-adic Langlands programme for GL,,. To a definite unitary
group over a totally real number field, one can associate several rigid analytic Hecke
eigenvarieties. A p-adic overconvergent eigensystem of finite slope is a point on such an
eigenvariety and we say that it is crystalline if its associated p-adic Galois representa-
tion is crystalline at p-adic places. Under standard Taylor-Wiles hypothesis and mild
genericity hypothesis, we prove, among other results, that any crystalline overconvergent
eigensystem of finite slope and dominant weight comes from a classical automorphic form.
Moreover, we show that such an overconvergent eigenform is a singular point on its Hecke
eigenvariety once its associated refinement is critical enough (in a specific sense).

Finally we address the problem of companion forms. It is a well known phenomenon in
the theory of p-adic automorphic forms that there can exist several eigenforms of distinct
weight with the same associated Galois representation, i.e. with the same system of Hecke
eigenvalues for the Hecke action away from p. Under the same assumptions as above we
explicitly describe all such companion forms of a fixed classical form (and in fact we
determine the locally analytic representations generated by these companion forms) in
terms of combinatorial data (elements of the Weyl group) attached to the associated
Galois representation. This description was conjectured by one of us (C.B.) in [13].

The key insight is, that the properties of p-adic automorphic forms we are interested
in, are encoded in the geometry of a rigid analytic space that parametrizes certain rep-
resentations of a local Galois group. We show that the local geometry of this so called
trianguline variety can be studied in terms of varieties that are familiar from geometric
representation theory.

We now describe our main results and methods in more detail.

Let F'" be a totally real number field, F' an imaginary quadratic extension of F'*

and G a unitary group in n variables over F'* which splits over F' and over all p-adic
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places of F*, and which is compact at all infinite places of F'*. Denote by S, the
set of places of F* dividing p and fix L a finite extension of QQ, which is assumed to
be “big enough” Let S (UP, L)* be the space of overconvergent p-adic automorphic
forms on G of tame level UP, a compact open subgroup of G(A*P), i.e. the space of
locally analytic functions from G(Q)\G(A>)/U? to L. This is an admissible locally Q,-
analytic representation of G(F'" ®q Qp) ~ [1,, GL.(F,"). Let S be a finite set of finite
places of F* containing S, and the v{p such that U, is not hyperspecial Let m® be a
maximal ideal of the Hecke algebra such that the localization S (UP, L)% is non zero Let
p: Gal(F/F) — GL,(F,) be the mod p irreducible representation associated to m® that
we suppose to be irreducible. There is a rigid analytic variety Y (U?, ) over L (called the
Hecke eigenvariety) that parametrizes the systems of Hecke eigenvalues of finite slope in
the representation S(U?, L)

A point x € Y(UP,p) can be uniquely characterized by a pair (p,d) where p is a Galois
deformation of p on a finite extension of L and & = (d,)up = (0v,i)(w,i)es,x{1,..n} IS &
locally @Q,-analytic character of ((F't ®¢ Q,)*)", the diagonal torus of G(FT ®q Q,) =
[T, GLn(F,F). We are interested in points x = (p, d) that are crystalline generic, by which
we mean that it satisfies the following two conditions: First, the eigenvalues (gpv,i)ie{17,__7n}
of ¢ (the linearization of the crystalline Frobenius on Des(py)) satisfy @0, & {1, .}
for ¢ # j and v|p, where g, is the cardinality of the residue field of F,. And second, we
demand that the Hodge-Tate weights of p at places above p are regular (i.e. all the Sen
endomorphisms of the restrictions of p to decomposition groups over p are separable).
Under these assumptions (and in fact under much weaker assumptions on p), one can
associate to x = (p,d), for each v|p, two permutations w,,w,, € ST[LFJ’QP]: the first
one measuring the relative positions of the weights of the d,;, i € {1,...,n} (suitably
normalized) with the antidominant order (see before Lemma 3.7.4) and the second one
measuring the relative positions of two flags (see before Proposition 3.6.4 and Proposition
3.7.1) coming from the p-adic Hodge Theory of p,. We set:

w = (w,)ues, and wy = (Wy,)ues, € S = [ SE .
vlp

When w is the longest element wy in S, or equivalently when the algebraic weight of §
is dominant, and p, is crystalline for each v € S,, we say that z = (p,0) € Y(U?,p)
is crystalline generic strictly dominant. Finally, we say that 2/ = (p,d') € Y/(UP,p) is
a companion point of z if §'6 ! is a Qp-algebraic character. It is conjectured in [13,
Conj.6.5] that the companion points of = are parametrized by w’ € S such that w, < v’
where < is the Bruhat order (note that w’ is w'wy with the convention in loc.cit.). We
write x,, for the conjectural companion point associated to w’ (we have x = x,,).

Consider the following assumptions, called “standard Taylor-Wiles hypothesis” above:
i) p>2;

(1)

(ii) the ﬁeld F is unramified over F'* and G is quasi-split at all finite places of F'*;
(iii) U, is hyperspecial when the finite place v of F'* is inert in F;

(iv) p(Gal(F'/F((p)) is adequate ([62, Def.2.3]).

Theorem 1.1 (Theorem 5.1.3). Assume (i) to (iv). If x = (p,0) € Y(UP,p) is generic
crystalline strictly dominant, then x comes from a classical automorphic form of G(Ap+).

In particular p is automorphic.
3



We point out that the assumption that x is strictly dominant is a necessary assumption.
However, if x = (p,d) € Y(UP,p) is generic crystalline (but not necessarily strictly
dominant) there exists a generic crystalline strictly dominant point 2’ = (p,d") € Y (U?,p)
(see Remark 5.1.4) and hence our result still implies that p is automorphic (though the
point x does not necessarily come from a classical automorphic form itself).

Theorem 1.2 (Theorem 5.4.2). Assume (i) to (iv) and UP small enough. If x € Y (U?,p)
is generic crystalline strictly dominant such that w, is not a product of pairwise distinct
simple reflections, then x is a singular point on Y (UP,p).

Theorem 1.3 (Theorem 5.3.3). Assume (i) to (iv) and UP small enough. If the Ga-
lois representation p : Gal(F/F) — GL,(L) comes from a generic crystalline strictly
dominant point v = (p,0) € Y (UP,p), then all companion constituents associated to
p in [12, §6], [13, Conj.6.1] occur (up to twist) as G(FT ®q Q,)-subrepresentations of

~

S(UP, L)2s[my,]. In particular all companion points x., of x for w, = w' exist in Y (U?,p).

Several cases or variants of Theorem 1.1 and Theorem 1.2 were already known. In the
setting of Coleman-Mazur’s eigencurve Theorem 1.1 was proven by Kisin ([47]). When
w, = wo Theorem 1.1 was proven by Chenevier ([20, Prop.4.2]), and when w, is a product
of distinct simple reflections Theorem 1.1 was proven in [17, Th.1.1] under slightly more
restrictive conditions on the ¢, ;. In the setting of the completed H' of usual modular
curves Theorem 1.3 was proven in [14]. When n = 2 Theorem 1.3 was proven by Ding
([26], see also [24]), and when n > 2 a few companion constituents were known to exist

([13], [25])-

We now explain the main steps in the proofs of the above three theorems, and in doing
so we also describe our local results.

The first step is that one can replace in all statements the representation S(U?, L)y
by the patched locally Q,-analytic representation 12" of G(F* ®¢Q,) constructed in [19]
and the eigenvariety Y (U?, p) by the patched eigenvariety X, (p) constructed in [16, §3.2]
(these objects only exist under hypothesis (i) to (iv)). Recall that X,(p) is obtained from
I in the same way as Y (U?, 7) is obtained from S(U?, L)% (see loc.cit.). It was shown
in [16, §3.6] that X,(p) is a union of irreducible components of Xz x I, Xui(p,) x U?
where Xz is the rigid analytic generic fiber of the framed deformation space of p at the
places of S\S,, U¢ is an open polydisc and X4,;(p,) is the so-called trianguline variety at
v|p, i.e. the closure of points (r,d) where r is a trianguline deformation of 5, and J a

triangulation on D;ie(7,) seen as a locally Qp-analytic character of the diagonal torus of
G(F)) ~ GL,(F)).

We say that a character d of ((F,")*)" is generic if 6;6;' and ;05| |, are not Q,-
algebraic characters of (F,)* for ¢ # j, where | |, is the norm character of Ff. Our
main local result is the following theorem.

Theorem 1.4 (Corollary 3.7.10). Let x = (r,0) € Xui(p,) such that ¢ is generic locally
algebraic with distinct weights, then the rigid variety Xi(p,) is normal (hence irreducible)
and Cohen-Macaulay in an affinoid neighbourhood of x.

The proof of Theorem 1.4 follows from the key discovery that the formal completion
Xui(Py)z of X4ui(p,) at the point = can be recovered, up to formally smooth morphisms,
from varieties studied in geometric representation theory. It follows from our assumption

on the Sen weights of r that this representation is almost de Rham in the sense of Fontaine
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([32]). As an extension of almost de Rham representations is still almost de Rham, every
deformation of r on a nilpotent thickening of L is almost de Rham. Let iy := By ®q, r
and rqr := Bgr ®q, 7 be the B(J{R and Bggr-representations associated to r. A result
of Fontaine tells us that there exists an equivalence of categories W +— (Dpar (W), vi)
between the category of almost de Rham Bgg-representations and the category of pairs
(D, N) where D is a finite dimensional Q,-vector space and N a nilpotent endomorphism
of D. The set of Galois stable B-lattices in W is then in natural bijection with the
set of separated exhaustive filtrations of Dp,qr (W) stable under vy,. Moreover, when
the Sen weights of the Blz-lattice are multiplicity free, the corresponding filtration of
Dyar(W) is a complete flag. Let Sp A C X4,i(p,) be a nilpotent thickening of the point .
Then the representation r 4 is almost de Rham, and we can use a key result of Kedlaya-
Pottharst-Xiao ([45]) and Liu ([51]) on global triangulations to construct a complete
flag of Dyar(74.4r) stable under v, aar- Lhese constructions give us two natural flags in
Dyar(raar) that are stable under the same endomorphism v, . of Dpar(raqr). It it
therefore natural to consider the following construction.

[FJZQP]
n

Denote by g ~ gl (resp. b) the L-Lie algebra of G := (ResFJ/Qp GLn/F;r)L (resp.
of the Borel subgroup of upper triangular matrices) and let:

g:={(yB,v) e G/Bxg|Ad(g ') eb} CG/Bxg.

Then g is a smooth irreducible algebraic variety over Spec L of dimension dim G and
the projection g — g is called Grothendieck’s simultaneous resolution of singularities.
The fiber product X := g x4 g is equidimensional of dimension dim G and its irreducible

components X, are parametrized by w’ € S’ Vsl (the Weyl group of GG). Under our
hypothesis on x, the L ®q, Fr-module Dygr(rar) is free of rank n and equipped with
a nilpotent endomorphism N and with two flags: the first one D, comes from the tri-
angulation on D;;e(7), the second one Fil, being the Hodge filtration associated to 7qg.
These two flags are preserved by the endomorphism N, so that we can define a point
Tpdr ‘= (De, Fils, N) of X (L) (modulo a choice of basis on Dyqr(r)). In fact, we obtain
a map:

Xtri(py)x — Xx

pdR
(and that xp,ar € X, (L)) where w €
SIF "l measures the relative positions of the weights of the ¢;, i € {1,...,n} with the

antidominant order. It remains to prove that this map is formally smooth to deduce the
first of the following two statements, which themselves imply Theorem 1.4.

and we can show that it factors through )?wva R

Theorem 1.5 (see (3.33)). Let x as in Theorem 1.4, up to formally smooth morphisms
the formal schemes Xi(p,). and Xovapar OTE isomorphic.

Theorem 1.6 (see §2.3). The algebraic varieties X, are normal and Cohen-Macaulay
for any w' € SEF@],

The Cohen-Macaulay property in Theorem 1.6 was already known and due to Bezrukavni-
kov-Riche ([9]) but the normality (see Theorem 2.3.6) is a new result (to the knowledge
of the authors). Theorem 1.1 then follows almost immediately from Theorem 1.4 using
[17, Th.3.9] (we refer to the introduction of loc.cit. for some details on this implication).

Theorem 1.5 has many other consequences on the local geometry of Xi(p,). For
instance we can deduce that the weight map is flat in a neighbourhood of x and, when

r is de Rham, one can give an explicit bound for the dimension of the tangent space
5



of Xui(p,) at x, generalizing [17, Th.1.3], see §4.1. When z is moreover crystalline and
strictly dominant, one can also completely describe the local companion points of z on
Xui(p,), i-e. those 2’ = (r,8') € Xui(p,) such that &8~ is Q,-algebraic. We obtain the
following result, which is a purely local analogue of Theorem 1.3.

Theorem 1.7 (Theorem 4.2.3). Let x = (r,0) € Xi(p,) as in Theorem 1.4 and w, €
SlF V) measuring the relative positions of Ds and Fil,. Assume x crystalline strictly

dominant, then the local companion points of x are parametrized by w' € ST[LFJ:QP} with
w, < w'.

The existence of companion points on X(p,) for w, < w' is proven by a Zariski-
density argument which doesn’t involve Theorem 1.5. But the fact that there can’t be
others (for other values of w’), i.e. that these points exhaust all companion points of x
on Xui(p,), relies on the geometry of X, via Theorem 1.5 (see Lemma 2.2.4).

The description of the local geometry in Theorem 1.5 allows us to derive another result
about the geometry of Xy,;(p,). Denote by R, the complete local ring parametrizing (equal
characteristic) framed deformations of r over local artinian L-algebras of residue field L
and by Z(Spec R,.) the free abelian group generated by irreducible closed subschemes of
Spec R,.. If A is quotient of R, define:

(1.1) [Spec A := > m(p, A)[Spec A/p| € Z(Spec R,.)
p minimal

where the sum is over the minimal prime ideals p of A and m(p, A) € Z>¢ is the length
of A, as Ap-module. For any rigid variety Y, denote by @Y,y its completed local ring
at y € Y. When ¢ is generic, the projection (r',¢") + r’ induces a closed immer-
sion Spec @Xtri(ﬁv),(r,é) < Spec R,. The projection (r,d') — ¢ induces a morphism
from Xi,i(p,) to the rigid space of locally Q,-analytic characters of the diagonal torus
of G(E)}) and we let Xi(p,)s be the fiber above §. We obtain a closed immersion
Spec @Xm(ﬁv) 5rne) — Spec R,.. The quite striking result is that, though X(p,) is re-
duced, the fiber Xi,(p,)s can be highly nonreduced, even “contain” Kazhdan-Lusztig
multiplicities! The following result was inspired by Emerton-Gee’s geometric “Breuil-
Mézard” conjecture ([31, Conj.4.2.1]). Its proof uses Theorem 1.7 and relies (again) on
the geometry of X, via Theorem 1.5 (see §2.4).

Theorem 1.8 (Theorem 4.3.9). For any crystalline generic deformation r of p, with
distinct Hodge-Tate weights and any absolutely irreducible constituent I1 of a locally Q,-
n(n+3)

analytic principal series of GLy,(F,"), there exists a unique codimension [Ff : Q=5 -

cycle C,.11 in Z(Spec R,.) such that, for all locally Q,-analytic characters 0, we have:
Spee Oxupysrd)] = Yo manCor in Z(Spec R,)
I

where [Spec @Xtri(ﬁv)@(r’é)] =0 if (r,0) ¢ Xui(p,) and mgn is the multiplicity (possibly
0) of IT in the locally Q,-analytic principal series representation obtained by inducing the
character § (suitably normalized).

We now sketch the proof of Theorem 1.3 (see §5.3). The key idea is to define another
set of cycles [£(w')] on the patched eigenvariety X,(p) that satisfy the same multiplicity
formula as in Theorem 1.8 and such that:

[ﬁ(w/)] #0 HomG(F+®QQp)(Hw’7 Hiﬁ[mp]) # 0,
6



where the II,,, are the locally analytic principal series representations that conjecturally
occur in S(UP, L)¥%[m,)].

Roughly, the uniqueness assertion in Theorem 1.8 then should force these cycles to
agree with the cycles C,y1 , which then will imply Theorem 1.3. Unfortunately we can
not directly conclude like this, as the cycles [£(w')] are defined on a space X,(p) that
is only known to be a union of irreducible components of Xi,;(p) (or rather of Xz x
[To}p Xui(p,) x U?). As this problem causes the proof of Theorem 1.3 to be a bit involved,
we sketch here some of the main inputs in more detail for the convenience of the reader.

Fix p as in Theorem 1.3. For each z = (p,0) € Y(U?,p) — X,(p) (generic crystalline)
strictly dominant and each w’ > w, write z,, = (p,d,,) and let IT,, be the (irreducible)
socle of the locally Q,-analytic principal series obtained by inducing d,, (suitably nor-
malized).

Fixing z, we hence need to prove that Homgp+gyq,) (Hw, 25 [m,]) # 0 for w, < w'.
Since x = x,, is known to be classical by Theorem 1.1, we already have:

HomG(F+®QQp)(Hw07 Hig [mp]) 7& 0
(note that II,, is the unique locally Q,-algebraic constituent among the II,,).

Denote by X,(7)wt(s) the fiber of X, (p) over the weight wt(J) of 0 seen as an element of
the Lie algebra of the torus of G(F*®qQ,) and let X, := Xz x X5, x U? where X5 is the
rigid analytic generic fiber of the framed deformation space of p at the places of S, then

we have a closed immersion Spec O X, (P) — Spec @3600  similar to the one above with

wt(8)¥
Xui(py)s- For any Ox, ), s «-module M of finite type, we define [M] € Z(Spec Ox, ,)
as in (1.1) but summing over the minimal prime ideals p of (’A)Xp(ﬁ)wt@@ and replacing
m(p, A) by the length of the (@Xp(ﬁ)wt( s.a)p-module M. Recall that there is a coherent

Cohen-Macaulay sheaf M, on X,(p) ([17, Lem.3.8]). Taking its pull-back //\/\loom@,m on

Spec O X, (5) we first prove that we have a formula in Z(Spec Ox._,):

wt ()L

o~

(1.2) Moowi@al = 2 Pragw (DIL(w)]

Wa =W

SIF Q] are the Kazhdan-Lusztig polynomials and L(w') are

vlp ©n

where P, , for z,y € []
certain finite type O Xp(B)weia),e-0dules such that:
E(w’) 75 0 <— HomG(F+®QQp)(Hw/, Hig[mp]) 75 0.

Formula (1.2) essentially comes from representation theory (in particular the structure
of Verma modules) and doesn’t use Theorem 1.5. By an argument analogous to the one

for Theorem 1.8 (using Theorem 1.5), we have nonzero codimension [F'" : Q]@—Cycles
¢(w') in Z(Spec Oz, ,) such that:
(1.3) [@Xp(p)wt@):x] — Z Py wgur (1) E(w").

Wg =W

Moreover we know that the cycle €(wy) is irreducible and that [L(wg)] € Z>o€(wy)
(roughly because the support of the locally Q,-algebraic vectors lies in the locus of
crystalline deformations). Consequently we can deduce Theorem 1.3 from the fact that
Py yu (1) # 0, if we know that €(w’) is contained in the support of L(w') for w, < w'.

We prove this last assertion by a descending induction on the length of the Weyl group

element w,. Assume first that lg(w,) = lg(wy) — 1. In that case z is smooth on X,(p)
7



and then M is locally free at . Hence ./(/l\oo,wt@,w o~ @}p(ﬁ)wth for some 7 > 0 and we
can combine (1.3) (multiplied by the integer r) with (1.2). Using €(wp) # 0, €(w,) # 0
and [L(wg)] € Z>o&€(wy), it is then not difficult to deduce [L(w,)] # 0, hence L(w,) # 0
and then Homgr+gqq,) (Huw,, ae[m,]) # 0 and x,, € Y(U?,p).

By a Zariski-density argument analogous to the one in the proof of Theorem 1.7, we
can then deduce [L(w')] # 0 for any w’ > w, such that lg(w’) > lg(wy) — 1 and any
w, such that lg(w,) < lg(wg) — 1. In particular we have the companion points z,, on
Y (UP,p) for w' = w, and lg(w’) = lg(wy) — 1 and formulas analogous to (1.2) and (1.3)
localizing and completing at z,, instead of z = z,,.

Assume now lg(w,) = lg(wy) — 2, we can repeat the argument of the case lg(w,) =
lg(wy) — 1 but using the analogues of (1.2), (1.3) at x,y = (p,d,,) for w’ = w, and
lg(w') = lg(wg) — 1 = lg(w,) + 1. The results on the local geometry of the trianguline
variety imply that X,(p) is smooth at the points z,, with lg(w") > lg(wg) — 1 and hence:

—

Moo,wt(& )Tyt = O;(p(ﬁ)

Zw wt(éw,)umw’

with 7 in fact being the same integer for all the w’ (including z = x,,). Combining

equations (1.2), (1.3) for the points z,, with lg(w’) > lg(wy) — 1 we can deduce that
[L£(w,)] # 0. Moreover, by a Zariski-density argument [L£(w')] # 0 for w’ > w, such that
lg(w') > lg(wy) — 2 and w, such that lg(w,) < lg(wy) — 2. By a decreasing induction
on lg(w,), we finally obtain (using a very similar argument) all predicted companion
constituents.

Finally, once we have Theorem 1.3, in particular once we have the companion point
Ty, of z in Y (UP,p), the argument of the proof of [17, Cor.5.18] can go through mutatis
mutandis and yields that the tangent space of X,(p) at « has dimension strictly larger
than dim X,(p) under the assumption on w, in Theorem 1.2 (in loc.cit. we assumed the
crystalline modularity conjectures essentially because they guaranteed the existence of
Ty, on Y (UP,p) by [16, Prop.3.27]).

x

Notations: We finish this introduction with the main notation.

If K and L are two finite extensions of Q,, we say that L splits K when Hom(K, L)
(= homomorphisms of Q,-algebras K — L) has cardinality [K : Q,] and we then set
Y :=Hom(K,L) = {r: K — L}. If L is any finite extension of Q, we denote by O, its
ring of integers, by kj, its residue field and by Cj, the category of local artinian L-algebra
with residue field isomorphic to L. If A is a (commutative) local ring, we let m, be its
maximal ideal.

For K a finite extension of Q,, we write Ky C K for the maximal unramified extension
in K, K for an algebraic closure of K and we set |z|x = ¢ @) for » € K where
q =p/, f:=[Ky: Q) e :=[K : Ky and val is normalized by val(p) = 1. We
set K, == K(uy) C K for n > 1, Ky := U,K,, C the completion of K for |- |k,
Gk = Gal(K/K) and I'k := Gal(K./K). We denote by € : Gx — I'x — Z) the p-adic
cyclotomic character. We let recg : K* — G be the reciprocity map normalized so
that a uniformizer of K is sent to a geometric Frobenius and we still write € for eorecy (a
character of K*). Recall that € = Nk/q,|Nk/g,|q, Where Nk, is the norm. If a € L*
(where L is any extension of K) we denote by unr(a) the unramified character of K*
sending a uniformizer of K to a (so |- | = unr(¢™')). When unr(a) extends to G2 via

recy, we still write unr(a) for the induced character of Gx and G2,
8



If A is an affinoid L-algebra, for example an object of Cr, and § : K* — A*X a
continuous - or equivalently locally Q,-analytic - character, the weight of ¢ is by definition
the Qp-linear morphism wt(6) : K — A, z — L§(exp(tz))|;—o. We can also see wt(4)
either as an A-linear map A®q, K — A, or as an A®q, K-linear map A®q, K — A®q, K,
that is as (the multiplication by) an element of A®gq, K (we recover the previous point of
view by composing with the A-linear trace map A ®q, K — A). Alternatively, if L splits
K, we can write A®q, K = A®, (L ®q, K) = ®;cxA and see wt(d) : A®g, K — A as
(Wt (0))rex € BrenA ~ ARg, K where wt-(0) := wt(0)(1,) € A, 1, € A®qg, K ~ ®,cxA
being 1 on the 7-component and 0 elsewhere.

If A is an affinoid algebra, we write R4 x for the Robba ring associated to K with
A-coefficients (see [45, Def.6.2.1] though our notation is slightly different) and Rx when
A = Q,. Given a continuous character § : K* — A* we write R4 x(J) for the rank one
(¢, 'x)-module on Sp A defined by 4, see [45, Cons.6.2.4].

If X is a scheme locally of finite type over a field L or a rigid analytic space over L, we
denote by X the associated reduced Zariski-closed subspace (with the same underlying
set). If 2 is a point of X, we let k(z) be the residue field of z, O, the local ring at z, @X,x
its mop, ,-adic completion and X, the affine formal scheme Spf Ox., (so the underlying
topological space of X, is just a point). We will often (tacitly) use the following: assume
L is of characteristic 0 and z is a closed point of X, then seeing z as a closed point of
Xi(z) := X X k(x) one has OXx — OXk (2, in particular OXI is a noetherian complete
local k(z)-algebra of residue field k(x).

If A is an excellent local ring (e.g. A = Ox, where X is a scheme locally of finite type
over a field or a rigid analytic variety) and A its m4-adic completion, we will (sometimes
tacitly) use the following equivalences: A is reduced if and only if A is ([37, Sch.7.8.3(v)]),
A is equidimensional if and only if A is ([37, Sch.7.8.3(x)]), A is Cohen-Macaulay if and
only if A is ([36, Prop.16.5.2]), A is normal if and only if A is ([37, Sch.7.8.3(v)]). Moreover
the map Spec A— Spec A sends surjectively minimal prime ideals of A to minimal prime
ideals of A (as it is a faithfully flat morphism).

If g is a Lie algebra over a field k, we still denote by g the k-scheme defined by
A g(A) = A®yg for A a k-algebra. We denote by kle] := k[Y]/(Y?) the dual numbers.
If G is a group scheme and A is a ring, we denote by Rep,(G) the full subcategory of
the category of G 4-modules ([42, §1.2.7]) whose objects are finite free A-modules. If V' is
an A-module and I C A an ideal, we denote by V[I] C V the A-submodule of elements
of V' cancelled by all the elements of I.

2. THE GEOMETRY OF SOME SCHEMES RELATED TO THE SPRINGER RESOLUTION

We recall, and sometimes improve, several results of geometric representation theory
concerning varieties related to Grothendieck’s and Springer’s resolution of singularities,
in particular we prove a new normality result (Theorem 2.3.6). All these results will be
crucially used in §3 to describe the local rings of the trianguline variety at certain points.

2.1. Preliminaries. We recall the definition of a certain scheme X associated to a split
reductive group G and related to Grothendieck’s simultaneous resolution of singularities.

We fix G a split reductive group over a field k. We assume that the characteristic of k is

good for G, i.e. char(k) = 0 or char(k) > h! where h is the Coxeter number of G (though,
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for applications, we will only need the case char(k) = 0). We fix B C G a Borel subgroup
and denote by 7' C B a maximal torus and by U C B the unipotent radical of B. We
write W = Ng(T)/T for the Weyl group of (G,T) and wy € W for the longest element.
We denote by lg(—) the length function on W and by =< the Bruhat order. We write g,
b, t and u for the Lie algebra (over k) of respectively G, B, T and U and we denote by
Ad : G — Aut(g) the adjoint representation. Finally we write w - A := w(\ + p) — p for
the usual dot action of W on X*(T'), where p denotes half the sum of the positive roots
with respect to B.

We equip the product G/B x G/B = G/B X} G/B with an action of G by diagonal
left multiplication. Let w € W and w € Ng(T') C G(k) some lift of w. Write:

Uy = G(L,w)BxB C G/BxG/B

Then G/B x G/B = UyewU,. It is well known that U, (a G-equivariant Schubert cell)
is a locally closed subscheme, smooth of dimension dim G — dim B + lg(w).

Let g be the k-scheme defined by:

(2.1) §:={(9B,¥) € G/Bxg|Ad(g ")y €b} CG/Bxg
It has dimension dim G = dim g and we have a canonical isomorphism of k-schemes:
(2:2) Gx"b 4§, (9.¢)— (9B, Ad(9)v)

where G xP b is the quotient of G x b for the right action of B defined by (g,%)b :=
(gb, Ad(b=1)a). We deduce from (2.2) that the morphism g — G/B, (¢B,¢) — gB
makes g a vector bundle over G/B. In particular the k-scheme g is smooth and irreducible.

Given a vector bundle over a scheme and its corresponding locally free module of finite
type, recall that a subvector bundle corresponds to a locally free submodule which is
locally a direct factor, or equivalently such that the quotient by this submodule is still
locally free. Using the isomorphism G xZ g =+ G/B x g, (g,¢) — (9B, Ad(g)v), we
easily see from (2.2) that g is a subvector bundle of the trivial vector bundle G/B x g
over G/B.

Now recall Grothendieck’s simultaneous resolution of singularities:

q:8—9, (9B,Y)r— 1

or equivalently G xZb — g, (g,%) — Ad(g). Recall that ¢ € g is called regular if its
orbit under the adjoint representation of G has the maximal possible dimension. Let us
write g*®¢ (resp. g"*8 ™) for the open k-subscheme of g consisting of the regular (resp. the
regular semi-simple) elements. Similarly, we will write t® C t for the open k-subscheme
of regular elements in the Lie algebra of the torus 7T'.

Proposition 2.1.1. (i) The morphism q is proper and surjective.
(ii) The restriction of q to ¢~ (g™®) is quasi-finite.
(iii) The restriction of q to ¢~'(g™&™%) is étale of degree |W]|.

Proof. For (i) and (ii) see for example [46, Th.8.3(3) & Th.8.3(4)] and its proof. For (iii)
see [46, Th.9.1]. See also [58, §I1.4.7]. O

In the following we will sometimes use the notation §™& and §&—* instead of ¢~'(g™®)
and ¢ (g"&™). We finally define the most important k-scheme for us:

(23) X :=§x,8={(91B,9:B,9) € G/B x G/B x g |Ad(g; )¢ € b, Ad(g;")¢ € b}
10



where the fiber product is with the map ¢. If we want to specify the base field k, we
sometimes write X} instead of X.

2.2. Analysis of the global geometry. We describe the global geometry of the scheme
X. Most results in this section are fairly well known, but we include proofs in order to
fix notation and for the convenience of the reader.

Let us write:

(2.4) 7:X—G/BxG/Bxg—-G/BxG/B
for the projection to G/B x G/B. We write k; : X — t, i € {1,2}, for the morphism:
(2.5) (918,928, ¢) — Ad(g;)¥ € b/u= 1t

where 1 denotes the image of ) € b under the canonical projection b — t. For w € W
let V,, := 7 Y(U,) C X.

Proposition 2.2.1. The projection V,, — U,, induced by 7 is a geometric vector bundle
of relative dimension dim B — lg(w).

Proof. We consider the trivial vector bundle:
G/BxG/Bxg— G/B x G/B.

This vector bundle contains the two subvector bundles:

Yi:={(91B,9:B,v) € G/B x G/B x g | Ad(g; ')¢ € b}

Yy = {(9:1B,92B,9) € G/B x G/B x g | Ad(gy")¢ € b}
(Y; are subvector bundles of G/B x GG/B x g for the same reason that g is a subvector
bundle of G/B x g, see §2.1). By definition X = gx,g is the scheme theoretic intersection
of the two subvector bundles Y; and Y3 inside G/B x G/B x g. By Lemma 2.2.2 below,
it is enough to show that for a given point y = (¢B,gwB) € U, C G/B x G/B the

dimension of 77! (y) only depends on w € W. We prove this last fact. The two conditions
Ad(g7 ')y € b, Ad(1v"'g ')t € b translate into:

(2.6) Ad(g )¢ € bN Ad(w)b ~ t @ (un Ad()u),

or in other words:

(2.7) 7 (y) =y x Ad(g) (t® (wn Ad(ib)u)) C U, x g

which is an affine space of dimension dim B — lg(w). O

Lemma 2.2.2. Let V. — Y be a geometric vector bundle over a reduced scheme Y
which is locally of finite type over a field, and W1, Wy C 'V subvector bundles. Assume
that for all closed points y € Y the intersection of the fibers W1, N Wy, in 'V, (where
%, = % Xy Speck(y)) is an affine space of constant dimension r over k(y). Then the
scheme theoretic intersection W1 N Wa C 'V is a geometric vector bundle of rank r.

Proof. Let us write V, W, and W, for the corresponding locally free sheaves on Y and
recall that V /W is also locally free. We consider the morphism given by the composition:

CY:Wl—>V—>'>V/W2.

The coherent sheaf coker(«) is again locally free on Y: indeed by assumption for all closed
points y € Y the dimension of coker(a), is given by rtkV — rk W; — rk W, + 7, and the

assumptions on Y imply that a coherent sheaf of fiberwise constant rank is locally free.
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This last fact follows from the following classical statement: let A be a reduced noetherian
Jacobson ring and M a finite type A-module such that dim, M/mM is constant for
all maximal ideals m of A, then M is a locally free A-module (which is a consequence
of Nakayama’s Lemma and of the fact that the intersection of the maximal ideals of a
reduced Jacobson ring is 0).

Now consider the sheaf Ws := ker . Then the sequence:
00— W; — W, — V/W, — cokera — 0

is exact and all sheaves but Wj are known to be locally free. It follows that Wj is locally
free as well. It is easily checked that the geometric vector bundle associated with Ws
equals the intersection W N W, ]

Definition 2.2.3. For w € W, let X, be the closed subset of X defined as the Zariski-
closure of V,, in X.

If we want to specify the base field k, we sometimes write X, C X} instead of
X, C X.

Lemma 2.2.4. Let w,w' € W, then X, NV # 0 implies w' < w.

Proof. We first claim that 7(X,) is the Zariski-closure U, of the Schubert cell U, in
G/B x G/B. Indeed V,, = = Y(U,) € = Y(U,) implies X,, = V,, € 7~ 4(U,) and
hence 7(X,) C U,. Conversely we have U, x {0} CV,, C G/B x G/B x g and hence
U, x {0} C V,, = X,, which implies U,, C 7(X,,). Since 7(V,) = U, we then have:

XNV 0= 71X )Nr(Vy) #0=U,NUy #0=w 2w
the last implication being the well known closure relations for Schubert varieties. U

Proposition 2.2.5. The scheme X 1is locally a complete intersection and its irreducible
components are given by the X, for w € W. In particular X is Cohen-Macaulay and
dim X = dim X, =dimg =dimG. .

Proof. 1t is obvious that the X, cover X (set-theoretically). By Lemma 2.2.1 and the
irreducibility of the U,, the V,, are irreducible. Moreover, the dimension of X, equals
the dimension of V,, which is equal to dim U,, + dim B — lg(w) = dim G = dim X. As the
V,, are pairwise disjoint is also follows that none of the X, is contained in another one
for dimension reasons. We deduce that the X, are the irreducible components of X.

The scheme X C G/B x G/B x g is hence equidimensional (of dimension dim G)
and cut out by 2dimu equations in the smooth scheme G/B x G/B x g. As 2dimu =
dim(G/B x G/B x g) —dim X, it is a local complete intersection. O

Let us write:
Vo =X\ U Xo =X\ U X C Vi
w! #w w!#w
Then V,, is an open subset of X and hence it has a canonical structure of an open
subscheme. Moreover X, is still the Zariski-closure of V,, in X. We define a scheme
structure on X, by defining X,, to be the scheme theoretic image of V,, in X.

For i € {1,2} we define pr; : X = § xo 8 — §, (918, 2B,0) — (9.3,).
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Theorem 2.2.6. (i) The scheme X is reduced. In particular the irreducible components
X, (with their scheme structure) are reduced.

(ii) For i € {1,2} the projection pr; : X — @ induces a proper and birational morphism
DI, ¢ Xy — @ which is an isomorphism above §°¢ = q~'(g"®) C g.

Proof. (i) The scheme X is Cohen-Macaulay and hence it is reduced if it is generically
reduced, see [37, Prop.5.8.5]. We prove that X is generically smooth, i.e. that each
irreducible component X, contains a point at which X is smooth. Indeed, by (iii) of
Proposition 2.1.1 the morphism pr; : X — g is étale of degree |W| over gr¢~ as it is
the base change of the morphism g'&= = g"&=% x g — '~ (along itself). It is hence
enough to show that there exists a point = € &~ such that each of the |IW| components
X, of X contains a pre-image of z. However, by (2.6), any point z = (¢B, ) € g with
Ad(g ')y € t™8 has the property that V,, contains a preimage of x for any w € W.
Moreover, we have the following consequence: let z,, € V,, be such a preimage of x
(which is in fact unique), then pr, is étale of degree 1 at x,,. Finally the open subscheme
Vw C X is reduced as X is. Hence the same is true for the scheme theoretic image X,
of \N/w in X. Note that since V,, is reduced by Proposition 2.2.1, X, is also the scheme
theoretic image of V,, in X.

(ii) The morphism pr, ,, is certainly proper since it is the composition of a closed im-
mersion and the proper morphism pr; (the latter following by base change from (i) of
Proposition 2.1.1). Moreover, we have seen in (i) that X,, contains a point z,, such that
pry, is étale of degree 1 at z,,. Since both schemes X, and g are irreducible, it follows
that pr, , is birational. On the other hand base change from (ii) of Proposition 2.1.1
implies that pr;, and hence also pry,, is quasi-finite above g*¢. By [38, Th.8.11.1] it
follows that the morphism:

DTy ¢ Py, (87F) — 87

is then finite, being both quasi-finite and proper. Since it is also birational and g™® is
normal, then it is an isomorphism by [38, Lem.8.12.10.1]. The claim for pr, is proven
along the same lines. O

2.3. Analysis of the local geometry. We give an analysis of the local geometry of the
irreducible components X, of the scheme X. In particular we prove the new result that
they are normal.

We denote by k;,, the restriction to X,, C X of the morphisms x; : X — t defined in
(2.5).

Lemma 2.3.1. Fori € {1,2} the fibers of the morphisms rk; and K; ., are equidimensional
of dimension dim G — dim T'.

Proof. We prove the claim for s, the proof for the other cases being strictly analogous.
Note first that the scalar multiplication:

(2.8) A (1B, 2B, ) = (1 B,g2B, \p) and A-t =X\t

defines an action of the multiplicative group G,, on X C G/B x G/B x g and on t such
that the morphism x; is G,,-equivariant. Moreover, it is important to observe that if 1
is a point of g, the orbit map G,, — g deduced from this action extends uniquely to a
map A' — g. As X is a closed subscheme of G/B x G/B x g, it is the same for an orbit

map G,, — X and it is clear that such a map sends the point 0 € A! in x7(0).
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As the restriction of k; to each irreducible component of X is dominant (even surjective
as follows e.g. from (2.7)), we deduce that for ¢ € t each irreducible component of #y* ()
has dimension at least dim G — dimt = dim G — dim 7', see e.g. [38, Lem.13.1.1]. Let
E C X denote the set of points € X such that there is a component of xi*(k; (7))
containing x and of dimension strictly larger than dim G — dim7". By [38, Th.3.1.3] the
subset E is closed and we claim that F = ). Assume this is not the case and choose a
point x € E. The set E is invariant under the action (2.8) of G,, as k; is G,,-equivariant.
Let A' — X be the unique extension of the orbit map associated to z. As E is G,,,-
invariant and closed, this map factors through E. From (2.8), we deduce that F contains
a point 2’ such that 2’ € x7'(0). As 2’ € E it is enough to show that xy ' (k1 (z')) = x1 (0)
is equidimensional of dimension dim G — dim 7', which will then be a contradiction.

We are thus reduced to prove that (the reduced subscheme underlying):
k1 (0) = {(01B,92B,¥) € G/B x G/B x g | Ad(g7 )¢ € u,Ad(g; ") € u}

is equidimensional of dimension dim G — dim 7. However, the same argument as in
Proposition 2.2.1 (see (2.6)) yields that:

7 (Uw) N7 H0) = (771 (Uw) xx £71(0)" — Uy

is a geometric vector bundle with characteristic fiber u N Ad(w)u. And hence x;*(0))
is a finite union of locally closed subsets of dimension dim(G) — dim(7) (see also the
beginning of §2.4 below). O

We recall a criterion for flatness often referred to as miracle flatness.

Lemma 2.3.2. Let f:Y — Z be a morphism of noetherian schemes and assume that Z

is reqular and Y is Cohen-Macaulay. Assume that the fibers of f are equidimensional of
dimension dimY — dim Z. Then f is flat.

Proof. Let y € Y map to z € Z and let R (resp. S) denote the local rings of Z at z
(resp. of Y at y), so S is an R-algebra. By assumption the ring R is regular of dimension,
say, d and the ring S is Cohen-Macaulay. Let fi,..., fs € R be a system of generators
of the maximal ideal of R (which exists since R is regular). The assumptions on the
fiber dimension implies that dim S/(fi,..., fa)S = dimS — d. As S is Cohen-Macaulay
it follows from [36, Cor.16.5.6] that the sequence fi,..., fq is an S-regular sequence.
But as R/(f1,..., fs) is a field, the R/(fi,..., fa)-algebra S/(f1,..., f4)S is flat over
R/(f1,..., fa). Hence S is flat over R by [36, Prop.15.1.21] (applied with A = R and
B=M=25). O

Proposition 2.3.3. The schemes X,, are Cohen-Macaulay and the morphisms k; and
Kiw are flat for i € {1,2}.

Proof. Assume that char(k) > 0. Then the claim that X, is Cohen-Macaulay is a result
of Bezrukavnikov and Riche, see [9, Th.2.2.1] (where the scheme X, is called Z,). It is
already mentioned in [9, Rem.2.2.2(2)] that it is possible to lift this result to char(k) = 0,
nevertheless we include some details here. It is enough to prove the claim over any field
of characteristic 0.

Let A := Z,), then A is a discrete valuation ring with residue field I, of characteristic
p > h! (recall that h is the Coxeter number of G) and fraction field £ = Q. As G is
a Chevalley group there exists a reductive group G4 over A and a Borel subgroup By

over A which are models respectively for G and B. We denote by g4 (resp. ba) the Lie
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algebra of G4 (resp. B,) considered as A-scheme. We define a model X4 of X}, over A
as the closed subscheme (see also [9, §2.1]):

{(91Ba, g2Ba,v) € Ga/Ba x Ga/Ba x ga | Ad(g; )Y € ba,Ad(g; )1 € ba}

of Ga/Ba x Ga/Ba x g4 and we let m4 : Xy —> G4/Ba X G4/Ba be the canonical
projection. Finally we denote by Uga,, C Ga/Ba X Ga/Ba the Schubert cell defined by
the G 4-orbit of (1,71)) S GA/BA X GA/BA forw e W.

The same argument as in Proposition 2.2.1 shows that 7' (U aw) — Uaq is a vector
bundle. We write X4, for the scheme theoretic image of 7' (Ua,,) in X4, which is
also the scheme theoretic image of 7" (Uy.) in Xa. It is easy to deduce that X4, is
flat over Spec A and that the generic fiber of X4, is identified with X} ,,. Moreover [9,
Rem.2.11.1] asserts that (recall our schemes X,, are denoted Z,, in loc.cit.):

XA,w X Spec A Spec IE?p = XIFp,w-

By [36, Prop.16.5.5] it follows that the A-flat scheme X4, is Cohen-Macaulay as its
special fiber Xg_ ,, is. It then follows e.g. from [27, Prop.18.8] that the generic fiber X, ,,
is Cohen-Macaulay as well.

Finally, we deduce from Lemma 2.3.2 that x,,, is flat for ¢ € {1, 2} using the fact that
X, is Cohen-Macaulay and that k;,, has equidimensional fibers by Lemma 2.3.1. The
proof for k; is the same using Proposition 2.2.5. O

We now state two lemmas which will be used in the main result, Theorem 2.3.6 below.
For simplicity we now write w instead of w.

We first compare the maps x; and ko using the decomposition of G/B x G/B into
Bruhat cells. Recall that t/W := Spec(R}") where R, is the affine ring of t.

Lemma 2.3.4. Let w € W, then ka, = Ad(w™!) o K14, where Ad(w) : t —> t is the
morphism induced by the adjoint action of W on t. In particular the diagram:

K1,w
Xy —t

(2.9) %i t/lw

where the two morphisms t — t/W are both the canonical projection, commutes.

Proof. Tt is enough to show that the equality g, = Ad(w™!)oky,, holdson V,, = 7~1(U,,)
as V,, is dense in X, and t is affine hence separated. Let x € 7—!(U,,)(S) be an S-valued
point. After replacing S by some fppf cover, we may assume that there exists some

g € G(S) such that x = (¢B, gwB, ) with ¢ € g(S). Then we have in g(.5):
Ad((gw) ™) = Ad(w™) Ad(g™")¢.

The claim follows from the remark that the image of the left hand side in ¢(S) is by
definition k() while the image of the right hand side equals Ad(w™")ky(z). O

Given w € W we denote by t¥ C t the closed subscheme defined as the fixed point
scheme of Ad(w) : t — t. It is clear that t* is smooth and irreducible (and in fact

isomorphic to an affine space over k).
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Lemma 2.3.5. Consider the morphism fori € {1,2} (see (2.4) and (2.5)):
(m,k;): X — G/B x G/B x t.
Then the restriction of (7, k;) to V,, induces a smooth map:
fi Vi — U, xt.

with irreducible fibers. In particular Vi, Nk (6 = (Vi xx k7 1 (8))™d is irreducible for
i€{1,2} and all w,w'" € W.

Proof. 1t is enough to prove the statement for ¢ = 1. We deduce from (2.7) that for x =
(9B, gwB,t) € U,xtthe fiber f{ ! (x) is isomorphic to the affine space t4(uNAd(w)u) C b,
hence in particular is smooth and irreducible of dimension only depending on w. It now
follows from Lemma 2.3.2 that f; is a flat morphism (note that both U, x t and V,,
are smooth using Proposition 2.2.1 for the latter). On the other hand a flat morphism
of algebraic varieties over a field is smooth if it has smooth fibers, see e.g. [39, §III
Th.10.2]. It follows that f; is smooth and has irreducible fibers. It remains to show that
Vi METH () is irreducible. We have V,, Nrr (t) = fi1 (U x ) and fi(U, x t*) will
be irreducible if it is connected since f; is smooth and U,, x t*' is smooth. Let us prove
that (U, x t*) is connected. Consider two disjoint open subsets A, B C f; (U, x t*)
that cover fi (U, x t*'). As fi is smooth, it is flat, hence open and fi(A) and fi(B) are
two open subsets of Uy, x t*'. If their intersection is nonempty, there is € U, x t" such
that f;!(x) is not connected, which contradicts the irreducibility of the fibers. Hence
fi(A) and f,(B) are disjoint. But the connectedness of U, x " implies that either
fi(A) or fi(B), and hence either A or B, is empty, which proves that f; (U, x t*) is
connected. U

We now prove the main result of this section. We recall that we have defined various
maps: 7|x, : X, — G/BxG/B (surjective onto U,), pr; ,, = pr;|x,, : X — @ (proper
birational surjective) and k; ., = Ki|x, : Xuw — t (flat equidimensional surjective) where
K; is the composition of pr, with k: g — t, (9B, ¢) — Ad(g~1)¢.

Theorem 2.3.6. The schemes X,, are normal.

Proof. As X, is Cohen-Macaulay it remains to show by Serre’s criterion ([37, Th.5.8.6])
that X,, is smooth in codimension 1. Both V,, and pri}u(ﬁreg) are smooth open subsets
of X,: the first one by Proposition 2.2.1 and m(X,,) = U, (see the proof of Proposition
2.2.4), the second one by (ii) of Theorem 2.2.6 and the smoothness of g™ (which is an
open subset of the smooth scheme g). Hence it is enough to show that the complement of
the smooth open subscheme V,, U prf’}v(ﬁreg) in X, is of codimension strictly larger than
L.

Let C be an irreducible component of the closed subset X,,\V,, of X,, such that C has
codimension 1 in X,,. It is enough to show that C' can’t be contained in the (smaller)
closed subset X, \(V,, U pry,,(g8)). As C is covered by the finitely many locally closed
subsets C' NV, for w’ # w, we easily deduce that there exists some w’ such that C” :=
C NV, is Zariski-open dense in C. It is enough to show that C’ contains points of
priqlu(@reg), i.e. that C’ contains points (g1 B, g2 B, %) with ¢ € g™8. Note that since C is
irreducible so is its open subset C”.

Let x = (¢1B, g2 B, ¢) € ¢’ C X, N X, by Lemma 2.3.4 we have:

(2.10) Ko () = Ad(w‘l)mgg) = Ad(w'™ )k ().



It follows that x1(C’) C t¥ where @ := ww'~' € W, hence C" C Vi Nk (7). As w # w'’
we find that t¥ # t and hence t¥ C t is a closed subset of codimension at least 1. By
Lemma 2.3.5 the map #, : Vi — t is smooth, hence the preimage V,, N k' (t7) of
t? C tin V, has codimension in V,, equal to the codimension of t? in t. As C has
codimension 1 in X,, we have:

dimC' =dimCNVy =dimC =dimX, -1 =dimV, —1=dimV,y — 1

and it follows from C’ C V,, MKy (t%) that Vi Nk (£7) has codimension < 1 in V,,. We
thus see that t” C t must have codimension exactly 1 in t, and that Vi, N &7 (£%) must
also have codimension 1 in V.

We claim that C" = Vi Nry (1), Indeed, Vi Nrp ' (£?) is Zariski-closed of codimension
1 in V,, and is irreducible by the last assertion in Lemma 2.3.5. On the other hand it
contains the closed subset ¢/ = C' NV, of V., which is also of codimension 1 in V.
Hence these two closed subsets of V,,, are the same.

As tP C t has codimension 1, it follows that @ = s, where s, is the reflection associated
to a positive root . But ) # " C X, NV, implies w' < w = s,w’ by Lemma
2.2.4, hence Ig(w') < lg(s,w’) and [41, §0.3(4)] implies that w'~'a is a positive root.
Equivalently the root « is positive with respect to the Borel subgroup w'Bw' ™", i.e. we
have g, € b N Ad(w')b where g, C g is the T-eigenspace of g for the adjoint action
corresponding to the root a. Applying (2.7) with g = 1 yields:

w‘l((B,w’B)) = (B,w'B)x (t®(unAd(w')u)) = (B,w'B)xbNAd(w")b D (B,w' B)x (tBga),
hence we deduce:
C' =V NryH ) D a Y ((B,w'B)) Nk () D (B,w'B) x (£ ® ga).

The claim then follows as one easily checks that t*» & g, contains elements in g™&.  [J

We end this section by formulating a general conjecture about the set-theoretic inter-
sections X, NV, for w,w’ € W.

Conjecture 2.3.7. Let w,w' € W with w' < w and © = ww'™!, then we have:

X NV = Vi N ETHED).

Obviously Lemma 2.3.4 implies that the left hand side is contained in the right hand
side.

2.4. Characteristic cycles. We show that the fibers x;, L(0) C X, are related to Springer’s
resolution and have a rich combinatorial geometric structure that will be used in §4.3.

We now assume char(k) = 0. Let g/G := Spec(RS) where g = Spec Ry and note that
the natural map t/W — g/G is an isomorphism of smooth affine spaces (see e.g. [40,
(10.1.8)]). We have a canonical morphism k : X — g/G given by the composition of
the canonical map X ~ g x4, § — g with the projection g — g/G. Again for w € W we
write k,, for the restriction of k to X,, C X and point out that s, is the diagonal map in
the commutative diagram (2.9). Note that k., is surjective as all maps in (2.9) are. We
define the following reduced scheme over k:

(2.11) Z = (X xgc {0)) = (F1(0))! C X.
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The scheme Z is known as the Steinberg variety (see [59]) and we easily check that we
have:

Z~N X/\/N
where N C g is the nilpotent cone, N := {(¢B,v) € G/B x N | Ad(¢g~)¢ € u} (a
smooth scheme over k) and where ¢ : N — N, (9B, 1) — 1 is the Springer resolution
of the (singular) scheme N. We also have as in (2.2):

(2.12) GxBu-5N, (g,9) — (9B, Ad(g)v).

We analyze the irreducible components of Z as we did for X in §2.2. For w € W let us
write V! := 7~ 1(U,) N Z (set-theoretic intersection in X) and Z,, for the Zariski-closure
of V' in Z with its reduced scheme structure.

Proposition 2.4.1. The scheme Z is equidimensional of dimension dim G — dim T and
its irreducible components are given by the Z,, for w € W.

Proof. The proof is the same as the proof of the corresponding statements in Proposition
2.2.1 and Proposition 2.2.5. U

Remark 2.4.2. Contrary to the case of the X,, (see Proposition 2.3.3), it doesn’t seem to
be known whether the irreducible components Z,, are Cohen-Macaulay. Moreover, even
assuming this, the proof of Theorem 2.3.6 doesn’t extend, and we do not know either if
the Z,, are normal.

We write Z°(Z) for the free abelian group generated by the irreducible closed subvari-
eties of codimension 0 in Z, i.e. for the free abelian group on the irreducible components
of Z. For w € W we denote by [Z,] the component Z,, viewed in Z°(Z). By Proposition
2.4.1 the [Z,,] form a basis of Z°(Z) (which is thus isomorphic to Z[W]). Given a scheme
Y whose underlying topological space is a union of irreducible components of Z we can
define an associated class:

(2.13) Y]:= > m(Z,,Y)|Zs,) € 2°(2)

weW
where m(Z,,Y’) is the multiplicity of Z, in Y, i.e. is the length as an Oy, -module of
the local ring Oy, of Y at the generic point 7, of Z,,.

We set X := X xg/¢ {0} and for w € W
X=Xy Xg6 {0} =k,'(0) = Xy xx X C X,y CX

(note that we do not take the reduced associated schemes). We obviously have Yiued C Z.
Moreover, each irreducible component of X, has dimension at least dim Z = dim X,, —
dim g/G by an application of [39, §II Exer.3.22] to the surjective morphism k., : X,, —
g/G. Hence each irreducible component of X,, has dimension dim Z and is thus some
Zy for w' € W. We are interested in computing the class [X,,] € Z°(Z), but for this we
need some preliminaries.

Let us denote by O the usual BGG-category of representations of U(g), see e.g. [41,
§1.1]. Given a weight p, i.e. a k-linear morphism t — &, let M (p) := U(g) ®u ) k(1)
denote the Verma module of (highest) weight u where U(—) is the enveloping algebra
and k(p) : U(b) — U(t) ~ t %5 k. We know that M (u) has a unique irreducible
quotient L(u) (see e.g. [41, §1.2]). Let w € W, then the irreducible constituents of
M(wwgy - 0) = M(—w(p) — p) = M(w - (—2p)) are of the form L(w'wy - 0) for w' € W
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and the constituent L(w'wg - 0) occurs in M (wwy - 0) with multiplicity Pigwwew (1), see
e.g. [41, §8.4]. Here P, ,(T') € Z>o[T] is the Kazhdan-Lusztig polynomial associated to
z,y € W. Recall that P,, # 0 if and only if + < y and that P, (1) = 1. In particular
L(w'wq - 0) occurs in M (wwy - 0) if and only if wow < wew’ if and only if w’ < w (the
last equivalence following from the definition of the Bruhat order, see e.g. [41, §0.4], and
from lg(wow) = lg(wp) — lg(w), see e.g. [41, §0.3]).

We write O(0) for the full subcategory of O consisting of objects of trivial infinitesimal
character ([41, §1.12]), for instance M (wwy - 0) and L(wwy - 0) are in O(0) for w € W.
The Beilinson-Bernstein correspondence defines an exact functor which is an equivalence
of artinian categories:

(2.14) BB : O(0) == D—Modgpq/5

to the category D—Modgf/ pxa,p of regular holonomic G-equivariant D-modules on G/ B x
G/B (see e.g. [40, §6] and [40, §11]). We write M(wwy - 0) := BBg(M (wwyp - 0)) and
L(wwy - 0) := BBg(L(wwy - 0)) for w e W.

Remark 2.4.3. In fact, in [40, §11] (and in most references on the subject), it is rather
constructed an equivalence BBg : O(0) — D—Modgf/ p to the category of B-equivariant
regular holonomic D-modules on G/B. However, if one embeds G/B into G/B x G/B
via gB +— (B, gB), then one can use the left diagonal action of G to extend a regular
holonomic B-equivariant D-module on G/B to a regular holonomic G-equivariant D-
module on G/B x G/B. This yields an equivalence of categories between D—Modgl/ B

and D—Modg“/BxG/B, see [60, Lem.1.4(ii)]. The composition of BBg with this equivalence
gives the functor BBg.

By [23, Prop.3.3.4], the Steinberg variety Z is identified with the union in the cotangent
bundle of G/B x G/ B of the conormal bundles of the diagonal G-orbits of G/B x G/B.
Recall these diagonal G-orbits are the U, for w € W (see §2.1), so in particular we have:

T;, (G/Bx G/B) C Z C T*(G/B x G/B)

where T, (G/Bx G /B) is the conormal bundle of Uy, in G/BxG/B and T*(G/B x G/ B)
is the cotangent bundle of G/B x G/B. In fact, by [23, Prop.3.3.5] the irreducible
component Z,, of Z is identified with the Zariski-closure of T3; (G/B x G/B) in Z.

To any coherent D-module 9t on G/ Bx G/ B one can associate a coherent Or«q/pxc/B)-
module gr(9M) on T*(G/B x G/B) (which depends on the choice of a good filtration on
). The schematic support of gr(9M) defines a closed subscheme Ch(9) of T*(G/B x
G/B) such that each irreducible component of Ch(9t) is of dimension greater or equal
than dim Z = dim(G/B x G/B) ([40, Cor.2.3.2]). The closed subscheme Ch(9t) still
depends on the choice of good filtration on 2t however the associated cycle in the group
Z(T*(G/B x G/B)) depends only on 9 (see e.g. [40, p.60]). The following result is
well-known (see e.g. [60, §1.4]).

Proposition 2.4.4. If 9 is in D—Modg, .. /5 then Ch(M)™™ C Z C T*(G/Bx G/B).

Proof. We only give a sketch. First, we have an isomorphism of k-schemes:

(2.15) Z =5 G P w)™ ((g1,101), (92.102)) — (91, (97 g2, 12))

where we have used (2.12) for N and its subscheme ¢~'(u)®!, and where B acts on

G x ¢ (W) by (hy, (ha,¥))b == (hib, (b= hy,v)). Secondly, the k-scheme A can be
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identified with T*G/B (see e.g. [40, §10.3]) and if 9 is in D—Modgf/B, then we have
Ch(M)d C ¢ '(w)™ and not just Ch(M')*d C N = T*G/B (see e.g. [60, §1. 3])
Thirdly, if 9 is in D— ModG/BxG/B and if M’ is the associated D-module in D— Modg/B

by the equivalence of Remark 2.4.3, then one can check that Ch(9) ~ G xZ Ch(9V). 1
particular Ch(9)™d is in Z by (2.15). El

Let M be in D—Mod /BxG/B> then from Proposition 2.4.4 and what is before we deduce

that Ch(91)™d is a closed subspace of Z whose underlying topological space is a union of
irreducible components of Z. We set (see (2.13)):

(0] := [Ch(M)] € Z°(2)

(the so-called characteristic cycle of 9t) and recall that the map 9t —— [M1] is additive
by [40, Th.2.2.3].

Remark 2.4.5. It was conjectured by Kazhdan and Lusztig in the case G = SL, (and
k = C) that [£(wwy - 0)] = Z,, equivalently that the characteristic cycles [£(w - 0)] for
w € W are irreducible. It turned out that this is wrong for n > 8 (but true for n < 7),
see [43].

Proposition 2.4.6. For w € W we have [X,,] = [M(wwy - 0)] in Z°(Z).
Proof. This is [9, Prop.2.13.7], see also [35, (6.2.3)]. O

The following theorem is well known.
Theorem 2.4.7. (i) The three classes:
([Zu])wew, (DR (wwo - 0)]) _ and ([(£(wuw - 0)])

are a basis of the finite free Z-module Z°(Z).
(ii) For w € W we have:

(90 (wwy - Z Pugwwow (1) [£(w'wq - 0)] € Z°(Z).

weW

(iii) There are integers ., v € Z>0 only dependmg on w,w € W such that:
[£(wwy - Z ot [ Zur| € Z°(Z).

Moreover, ay, =1 and ay . = 0 unless w' < w. Finally if w' < w and U, is contained
in the smooth locus of the closure U, of U, in G/B x G/B, then ay . = 0.

Proof. Using Proposition 2.4.6 we have 9 (wwq - 0)] = [Xu] = X buww [Zuw] for some
by € Z>o. If by # 0 for some w' € W, then Z,, C Yived which implies (X,,NV,, )NZ #
() since V,y N Z C Z,y, which implies w’ < w by Lemma 2.2.4. Moreover one easily gets
byw = 1 using that the restriction of £y, : X,, — t to V,, is smooth by Lemma 2.3.5.
It follows that the matrix (bwyw/)(w,w%WXW is upper triangular with entries 1 on the
diagonal and hence invertible. This implies that ([9(wwyq - 0)])wew is a basis of Z°(Z).
(ii) is a direct consequence of the fact L(w'wy - 0) occurs in M (wwy - 0) with multiplicity
Puowwow (1). As Py (1) = 0 unless w' = w and Pyywuww(l) = 1, it follows that the
matrix (Pugw,wow (1)) @w,wyewxw is also invertible, and hence that ([£(wwp - 0)])wew is
also a basis of Z°(Z), which finishes (i). The first two statements in (iii) follow from the
fact the matrix (@uw,w ) (w,w)ew xw is the product of two upper triangular matrices with 1

on the diagonal. The last statement is [60, Lem.1.3(iii)]. O
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By Proposition 2.4.6, (ii) of Theorem 2.4.7 and the fact Pyw.wou (1) # 0 if and only if
w’ < w, we see that X, is in general far from being irreducible as it contains all the Z,,
for w" < w, possibly even with some higher multiplicities than the Py ww (1)-

We end this section with a last result on the cycles [£(wwy - 0)] for w € W that will
be used in §4.3.

Fix w € W. As in the proof of [54, Lem.3.2], the left action of b on L(wwy -0) induced
by that of g comes from an algebraic action of B. Let us write P, C G for the largest
parabolic subgroup containing B with Levi subgroup M,, such that wwy - 0 is dominant
with respect to the Borel subgroup M, N B of M,. Note that P, = G if and only if
w = wp. Then the argument of [54, Lem.3.2] shows that the action of B on L(wwy - 0)
extends to P,.

Let P, act on G/Bx G /B x g by the left multiplication on the first factor and the trivial
action on the two other factors. We identify Z°(Z) with a subgroup of the free abelian
group Z4m% (G /B x G/ B x g) generated by the irreducible subschemes of G/Bx G /B x g
of codimension dim G, equivalently of dimension dim Z. Any element of P, (k) induces an
automorphism of Z4m%(G /B x G/ B x g) by the above action of P, on G/B x G/B x g.

Lemma 2.4.8. For w € W the characteristic cycle:
[L(wwy - 0)] € 2°(Z) € Z9™C(G/B x G/B x g)

is invariant under the action of any element of P, (k).

Proof. Denote by £'(wwy-0) the D-module on G/ B associated to the object L(wwy-0) of
O(0) by the equivalence BBg of Remark 2.4.3. As the action of B on L(wwy -0) extends
to P,, we get that £ (wwyp - 0) is in fact P,-equivariant (and not just B-equivariant).
Hence if we pass from B-equivariant D-modules on G/B to G-equivariant D-modules on
G/B x G/B as in Remark 2.4.3, we get that the D-module £(wwy - 0) on G/B x G/B
is equivariant for the action of P, by left multiplication on the second factor G/B, in
addition to being equivariant for the action of G by diagonal left multiplication on the
two factors.

This action of P, on G/B x G/B induces an action on:
T*(G/BxG/B)~gxg§g—G/BxgxG/Bxg

which is itself induced by the action of P, on the right hand side given by the left
multiplication on the third factor G/B and the adjoint action on the fourth factor g (and
the trivial action on the first two factors). The projection:

G/BxgxG/Bxg—»G/BxG/Bxg, (1B,¢1,9:B,¢:) — (1 B, 2B, v»)

is obviously P,-equivariant for the action of P, on G/B x G/B x g given by the left
multiplication on the second factor G/B and the adjoint action on the third factor g.
Since the composition:

Z =T (G/BxG/B)—~G/BxgxG/Bxg—G/BxG/Bxg

is still injective, all this implies that [£(wwyg - 0)] € Z°(Z) is invariant under the action of
P,(k) on Z9mE(G/B x G/B x g) induced by this last action on G/B x G/B x g.

But as [£(wwyq - 0)] is also invariant under the action of G on G/B x G/B x g given by
the diagonal left multiplication on the first two factors and the adjoint action on the third,

it follows that it is also invariant under the action of P, (k) induced on Z4™¢(G/B x
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G/B x g) by the left translation on the first factor of G/B x G/B x g (and the trivial
action on the second and third factors). This is exacty the assertion of the lemma. [

Remark 2.4.9. Let h € P,(k), since h( ) € G/B x G/B x g is isomorphic to Z,»
inside G/B x G/B x g if and only if w' = w” (look at the respective projections in
G/B x G/B), it follows from Lemma 2.4.8 and (iii) of Theorem 2.4.7 that whenever
Ay # 0 we have h(Z,) = Z,y for any h € P,(k) (in particular h(Z,) = Z,,).

2.5. Completions and tangent spaces. We prove some useful results related to com-
pletions and tangent spaces on the varieties X and Z. These results will be used at
several places in the rest of the paper.

It follows from (2.9) that the induced map (k1, k) : X — t x t factors through the
fiber product t X/ t. We denote by T' := t X t this fiber product (though both have
the same dimension, there should be no confusion with the torus 7' of G which won’t
directly appear).

Lemma 2.5.1. The irreducible components of T = t xyw t are the (T,,)wew where:
Ty = {(z,Ad(w™)z2), z € t}
and X, is the unique irreducible component of X such that (k1, k2)(Xy) = Top.

Proof. The first half of the statement is clear since the T, are irreducible closed sub-
schemes of T" with the same dimension. The second half follows from Lemma 2.3.4 and
the surjectivity of x;,, (Lemma 2.3.1). O

For w € W denote by nx, € X (resp. np, € T') the generic point corresponding to the
irreducible component X, (resp. T,), then it follows from Lemma 2.5.1 that the map
(K1, ko) : X — T is such that (K1, k2)(nx,) = nr, for all w € W.

Let x be a closed point of X, w € W such that z € X,, C X and recall that f(,ﬂ,,w)(w)

(resp. T (xyma)(2)) 15 the completion of T' (vesp. Tj,) at the point (s, #2)(x). We have a
commutative diagram of formal schemes over k:

Xw,zc—) Xz

| |

T, (1 2) (2) = L1 ) () -

In §3.5 we will use the following lemma.

Lemma 2.5.2. Letz, w be as above and let w' € W. The composmon of the morphisms
Xw z X — T(m xo)(z) factors through T (k1 m2) (@) = T(,.E1 ko)(2) if and only if W' = w.

Proof. Let A be a local excellent reduced ring such that A/p is normal for each minimal
prime ideal p of A and let A be the completion of A with respect to my. Then the
morphism Specﬂ — Spec A induces a bijection between the sets of minimal prime
ideals on both sides. Indeed, let B be the integral closure of A, i.e. the product over the
minimal prime ideals p of A of the integral closures of A/p. Then by [37, Sch.7.8.3(vii)]
there is a canonical bijection between the set of minimal prime ideals of A and the set of
maximal ideals of B. But since A/p is normal by assumption we have B = [], A/p, and

the set of maximal ideals of B is in bijection with the set of minimal prime ideals of A.
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Now the local ring Ox , of X at x satisfies all the above assumptions by [37, Prop.7.8.6(i)],
[37, Sch.7.8.3(ii)], (i) of Theorem 2.2.6 and Theorem 2.3.6. Likewise with the local ring
O7,(11,x)(2) Since the irreducible components T, are smooth (being isomorphic to t). In

particular the nonempty Spec @X .z (resp. Spec @T (k1k2)(@)) for w' € W oare the irre-
ducible components of Spec Oxm (resp. Spec Or (k1) (@ y)- Denote by ﬁxu € Spec @X@
(resp. Az, € SpecOx.,) the generic_point of Spec OXw + (resp. Spec OTw (k1,m2)(z) ), 1t 18

enough to prove that the map Spec OX@ — Spec OT7 (k1,59) () S€DAS N, to Ay, . But this
follows from what precedes together with the commutative diagram:

Spec @X@ Spec Ox

| |

Spec Or (x; k2) (@) — SPEC OT (101 x) ()
and the fact both 7)x, and 7z, are sent to 1z, in Spec O, (s, x,)(x)- -

Denote by T, , the tangent space of X,, at x, which is just the same thing as the
k(x)-vector space Xy, ,(k(x)[e]).

Proposition 2.5.3. Assume that x € X,, C G/B x G/B X g is such that its image in g
is 0 and let w' € W such that x € X, N\ V.
(i) We have:

: ww'
dimk(x) TXw,z < dimk(w(x)) Tinﬂr(x) + dlmk(:p) t (k(aj)) + lg(w’wo).

(i) If '™ has codimension lg(w) — lg(w') in t and U, is smooth at w(z), then X, is
smooth at x.

Proof. (i) Replacing k by its finite extension k(x) if necessary and base changing, we can
assume r € X, (k) and k(z) = k(r(x)) = k. Since X,, and U, are G-equivariant, we can
assume 7(z) = (B,w'B) € G/BxG/B. Recall that 7(X,,) = U, (see the proof of Lemma
2.2.4), hence we have a closed immersion X,, < U, X g, and thus also a closed immersion

o~

)A(wjx — (UTU)ﬂ(I) x g where g is the completion of g at 0. Hence any vector v € T, , is
of the form v = (g1 B(kle]), g2 B(k[e ]) e1)) where (g1, §2) € G(k[e]) x G(k[e]) is such that
(91B(kle]), 2B (k[e])) € Ty niy = (Uw)ﬂ(x)(k‘[ e]) and where ¢ € g(k). Working out the
condition (2.3) for (§,B(k[e]), §2B(k[e]), e¥) to be in X, (k[e]) we find (7 (z),v) € X (k),
hence ( (x), Vi (k) since 7T(l‘) € Uy (k). This implies in particular ko((7(z),)) =

) € Vi (K
Ad(w' ™y ((7(x),v)). Since 7 € Xy 4(k[e]), Lemma 2.3.4 implies in #(k[e]) (where £ :=
completion of t at 0):

Ad(g,")er = Ad(w™)Ad(g, e
and thus ro((m(2),v)) = Ad(w )k ((m(x),v)). Hence we have ri((7(z),)) € t¥(k)
where w := ww'~! and from (2.7) (with g = 1) we obtain ¥ € t°(k)® (w(k) NAd(w")u(k)).
We deduce an injection of k-vector spaces:
Txe = Ty na) @ (k) @ (u(k) N Ad(w")u(k))
and the upper bound in the statement is precisely the dimension of the right hand side.
(ii) Under the assumptions we have dimy(r(z)) T 1) = dim U, = dim G/B + lg(w).

So we find using Ig(w'wy) = dim G/B —1g(w’) and dimy,) ' (k(z)) = dim t— (Ig(w) —
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lg(w’)):
dimgyTx, . < dimG/B +Ig(w)+dimt — lg(w) + lg(w’) + dim G/B — Ig(w')
= 2dimG/B+dimt = dimG.
Since dim G = dim X,, < dimy,) Tx, ., we deduce dimy,) Tk, ., = dimG = dim X,
whence the smoothness at x. O

Remark 2.5.4. One can prove that, at least for w = wy, Conjecture 2.3.7 (for w = wy)
implies that the inequality in (i) of Proposmon 2.5.3 is an equality.

If M is a coherent Ox-module, we define its class [M] € Z°(Z) as in (2.13) replacing
m(Zy,Y) by the length m(Z,, M) of the Ox, -module M, . Let z be a closed point

in X (or equivalently in Z), then it follows from [37, Sch.7.8.3(vii)] and [37, Sch.7.8.3(x)]
that the completed local rings @Z@, @Zw,x are reduced equidimensional (of dimension
dim Z when nonzero). Moreover the set of irreducible components of Spec @Zﬂr is the
union for all w € W of the sets of irreducible components of Spec @Z .+ (note that we
don’t know whether Spec OZ  1s irreducible, see Remark 2.4.2 and [37, Sch.7.8.3(vii)]).
We define M, := M ®o. O, which also has a class [M,] in Z°(Spec O,). Likewise

we define [Spec (”)Zw’a;] « ZO(Spec O).
Lemma 2.5.5. We have:
[ﬂx] = Z m(Zy, M)[Spec @wa] € Z°(Spec @ZI)

weW

Proof. Using that the irreducible components of Spec Oy, are the Spec Oy, , forw € W,
from the definition of m(Z,,, M) it is obvious that:

(M,] = > m(Z,, M)[Spec Oz, .] € Z°(Spec Oz,)

wew
where M, := M ®o_ Ox,. Let W(z) := {w € W, z € Z,} and denote by p,, for
w € W(x) the minimal prime ideal of O , (or equivalently Oz, ) corresponding to Oz, .
and by g1, -, qu,r, the minimal prime ideals of Spec @Y,x (or equivalently Spec @Zx)
above p,, (recall that the morphism of local rings Ox , — @Y@ is faithfully flat). Then
by definition (and since Oy, , = 0 if w ¢ W (z)):

= > Z (1g(0

weW (z) i=

Myw)qw’i)[SpeC(@Zw,m/qw,i)] in Z°(Spec Oyz.).

X z)EIw i

~ ~

BUt we have (MY,x)qw,i - MY@: ®O§’z ( Y,x)qw,i = (MY,a)Pw ®(O§7m)¥3w ( Y,x)qw,i from
which it easily follows that:

g5 Mz g, = (805 ) Mx2)r) (86 (0% .2)qu/Pu)

X,z)qum. ?,z)qw,z

X :v)qw i
which gives the result since @Yx Ror Oz, = OZw,z (recall the map O, = Oz, , is
surjective). O

Define for w € W (see (iii) of Theorem 2.4.7):
(2.16) [€(wwp - 0),] := > @y [Spec @Zw,@] e 72°(Spec O.,)

w'eW
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(note that [£(wwy - 0),] # 0 when w € W(z) since ay,, = 1).
Corollary 2.5.6. For w € W we have:
O%,.) = Y. Pugwawew (1)[E(w'wy - 0),] € Z°(Spec Oz,).

w'eW

Proof. This follows from Proposition 2.4.6, (ii) of Theorem 2.4.7 and Lemma 2.5.5. [

3. A LOCAL MODEL FOR THE TRIANGULINE VARIETY

We show that the completed local rings of the trianguline variety X,;(7) at certain
sufficiently generic points of integral weights can be described (up to formally smooth
morphisms) by completed local rings on the variety X of §2 for a suitable GG. This result
will have many local and global consequences in §4 and §5.

3.1. Almost de Rham Bggr-representations. We define and study some groupoids of
equal characteristic deformations of an almost de Rham Bgr-representation of Gx and of
a filtered almost de Rham Bgr-representation of G .

We fix K a finite extension of QQ, and first recall some statements on almost de Rham
representations of Gx. In what follows the rings Bjy and Bgr are topological rings for
the so-called natural topology ([32, §3.2]) and all finite type modules over these rings are
endowed with the natural topology. As usual we use the notation t for “Fontaine’s 2ir”
element depending on the choice of a compatible system of primitive p™-th roots of 1 in K.
Recall also that a Bgr-representation of the group G is a finite dimensional Bgr-vector
space with a continuous semilinear action of Gx ([32, §3]). We denote by Repg,, ()
the abelian category of Bqgr-representations of Gx. If W is an object of Repg,, (Gk), it
follows from the compacity of G and the fact that By is a discrete valuation ring that W
contains a Bji-lattice stable under Gx. We say that W is almost de Rham ([32, §3.7]) if
it contains a Gx-stable BZ{R—lattice W™ such that the Sen weights of the C-representation
W+ /tW are all in Z.

Let B4r be the algebra Big[log(t)] defined in [32, §4.3] and Byar := Bar ®pt Blir-
The group Gg acts on B;dR via ring homomorphisms extending its usual action on Blz
and such that g(log(t)) = log(t) + log(e(g)). This action naturally extends to Bpag.
Moreover there is a unique Bgr-derivation vg ,, of Bpar such that vg . (log(t)) = —1,
and it obviously preserves B;{dR and commutes with Gg. If W is a Bgr-representation
of G, we set Dpar(W) := (Bpar ®py, W)9%, which is a finite dimensional K-vector
space of dimension < dimp,, W (see [32, §4.3]). It follows from [32, Th.4.1(2)] that a
Bar-representation W is almost de Rham if and only if dimg Dyqr(W) = dimp,, W.
We say that a Bggr-representation is de Rham if dimy W9 = dimg,, W, hence any
de Rham Bgr-representation is almost de Rham. The almost de Rham representations
form a tannakian subcategory Rep 4 (Gx) of Repg, (Gx) which is stable under kernel,
cokernel, extensions (see [32, §3.7]).

If E is a field of characteristic 0, recall that the action of the additive algebraic group
G, on some finite dimensional E-vector space V is equivalent to the data of some FE-
linear nilpotent endomorphism vy of V', an element A € E = G,(F) acting via exp(Avy ).
Consequently the category Repr(G.,) is equivalent to the category of pairs (V,vy) with
V' a finite dimensional E-vector space and vy a nilpotent E-linear endomorphism of V'

(morphisms being the E-linear maps commuting with the vy/).
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If W is a Bgg-representation, we let G, act on Dpyar (W) via the K-linear endomor-
phism induced by vg . ® 1 on Bpgr ®py, W. Then Dygr is a functor from the category
Repg,. (G ) to the category Repy(Ga).

Proposition 3.1.1. The functor Dpqr induces an equivalence of categories between
Reppan(Gx) and Repe(G,).

Proof. By [32, Th.3.19(iii)] any object W of Rep 4r(Gx) is isomorphic to a direct sum
of Byr[0; d] where Bqgr[0;d| C Bpar is the subspace of Bggr-polynomials of degree < d in
log(t) as defined in [32, Th.3.19]. It follows that Ko ®x Dpar(W) and Dag oo(W) are
isomorphic as objects of Repg_(G,) where D o0(W) is defined in [32, §3.6].

Let Wy and W, be two objects of Rep 4r (Gx). It then follows from [32, Th.3.17] that
the natural map:

(3.1) HomRepde(gk)(Wl, Wz) — HOIﬂRepK(Ga) (Dde(Wl), Dde(Wg))
induces an isomorphism:
Koo @k Homgep . (g50) (W1, Wa) =~ Homgep, (6.) (Koo @1 Dpar(W1), Koo @ Dpar(Wa)).

As the natural map:

Ko @k Homgep . (@.) (Dpar(W1), Dpar (W2))
— Homgep,(6.) (Koo @k Dpar(W1), Koo ®1 Dpar(W2))

is an isomorphism ([42, §1.2.10(7)]), the map (3.1) is also an isomorphism and the restric-
tion of Dyar to Rep,qr(Gx) is fully faithful.

Let V be a finite dimensional K-representation of G,. We can write V' as a direct sum
of indecomposable objects of dimensions dy, ..., d, and we see that V is isomorphic to the
vector space Dpar (D)_; Bar|[0; di]). The functor Dygr is thus essentially surjective. [

Corollary 3.1.2. Let (V,vy) be an object of Repy(G,) and set:
W(V,vy) := (Bpar @k V)qudR®1+1®uV=0-

Then W (V,vy) is an almost de Rham Bgg-representation of dimension dimy V' and the
functor (V,vy) — W(V,vy) is a quasi-inverse of Dyar in Proposition 3.1.1. Moreover
the functors Dpar (restricted to the category Rep,qr(9x)) and W are ezact.

Proof. Let W be an object of Rep,qr(Jx), then the natural B,qr-linear map:
(3.2) Ppdr : Bpar @k Dpar (W) — Bpar @ W

is an isomorphism by [32, Th.3.13] and identifies W with W (Dpar(W), vp,4nw))- The
other assertions are direct consequences of these statements together with Proposition
3.1.1 and the fact that an additive equivalence between abelian categories is exact. [

Let A be a finite dimensional Q,-algebra. We define an A ®q, Bqr-representation
of Gk as a Bggr-representation W of G together with a morphism of Q,-algebras A —
EHdRedeR(gK) (W) which makes W a finite free A®g,Bqr-module. We denote by Rep Agg, B w(GK)
the category of A®q, Bar-representation of Gx. We say that an A®gq, Bar-representation
of Gk is almost de Rham if the underlying B4r-representation is, and define Rep 4r 4(Gk)
as the category of almost de Rham A ®q, Bar-representation of Gx (with obvious mor-
phisms).
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Remark 3.1.3. An A ®q, Bar-representation of Gy always contains a Bjs-lattice which
is preserved by the action of A. In fact, it is possible that it always contains such a lattice
which is moreover free over A ®g, Bjy, but we won’t need that statement. This is at
least true for almost de Rham A ®q, Bqr-representations as a consequence of Lemma
3.2.2 below.

Lemma 3.1.4. The functor Dpqar induces an equivalence of categories between Rep, g 4(Gr)
and RepA®QPK(Ga).

Proof. Let W be an almost de Rham Bgg-representation of Gx with a morphism of Q,-
algebras A — EndRedeR(gK)(W). It follows from Proposition 3.1.1 that it is enough to
check that W is a finite free A ®g, Baqr-module if and only if Dyqr(WV) is a finite free
A ®q, K-module. As the functor Dpgr commutes with direct sums, we can moreover
assume that A is a local artinian (finite dimensional) Q,-algebra.

Let us first prove that Dyqr(W) is a flat A-module if and only if W is a flat A-
module. Let M be an A-module of finite type. As A is noetherian, the A-module M is
isomorphic to the cokernel of some A-linear map between finite free A-modules. Using
the fact that Dyqr is an exact functor commuting with direct sums, the canonical map
M ®4 Dpar(W) — Dpar(M ®4 W) is an isomorphism. Using the exactness of Dpar
again, we conclude that Dyqr(W) is A-flat if and only if W is a A-flat.

If H is any field extension of QQ,, we can check that an A ®qg, H-module M which is
A-flat is a finite free A ®g, H-module if and only if M/m4M is a finite free (A/m4) ®q,
H-module. Applying this result with H € {K,Bgr} together with the isomorphisms
Doar(W/m W) =~ (A/my) @4 Dpar (W) and W (V/m4V) = (A/my) @4 W(V) (the latter
following from the exactness of the functor W), we are reduced to the case where A is
replaced by A/my, that is A is a finite field extension of Q,.

For K’ a finite extension of K, we easily check that there is a canonical isomorphism
K'®g Dpar (W) =~ (Bpar ®g, W)9%’ so that W/g,, is almost de Rham. Moreover Dpqg (W)
is a finite free A ®q, K-module if and only if K’ ®x Dyqr (W) is a finite free A ®q, K'-
module. We can thus replace K by an arbitrary finite K and hence assume A ®q, K ~
@Ei?”] Ke; with €7 = e;. Writing A ®g, Bar = (A ®g, K) @k Bar =~ @Ei:i@”] Barei, we
have W = @;(e; W) and:

Dpar (P (W) = D (eiDpar(W)).

K3 3

As W is almost de Rham, so is ;W and thus:
dll’IlK eiDde(W) = dlmK Dde(eiW) = dideR eiW
We conclude that Dyqr (W) is a finite free A ®g, K-module if and only if W is a finite
free A ®gq, Bar-module. 0
Let L be a finite extension of QQ, that splits K and set:

G := Spec L Xspecq, Resk/q, (GLn k) =~ GLyp X -+ x GLy, .

[K:Qp] times

We let B = UT C G the Borel subgroup of upper triangular matrices where 7' is the
diagonal torus and U the upper unipotent matrices and define g, b, t, u, g, X, etc. as

in §2.1 (with £ = L). We refer the reader to the appendix of [49] for a summary of the
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basic definitions, notation and properties of categories cofibered in groupoids, that we
use without comment below and in the next sections.

We fix W an almost de Rham L ®q, Bqr-representation of G of rank n > 1 and define
Xw a groupoid over Cy, (or a category cofibered in groupoids over Cp) as follows.

e The objects of Xy are triples (A, Wa,t4) where A is an object of C, W4 is an
object of Repygr 4(Gk) and vq: Wa®a4 L — W.

e A morphism (A, W4, 14) — (A, War,ta) isamap A — A’ in Cy, and an isomor-
phism W4 ®4 A — Wy compatible (in an obvious sense) with the morphisms
ta and ¢y.

Remark 3.1.5. Since the category of almost de Rham Bggr-representations is stable under
extensions, any A®gq, Bqr-representation of Gx which deforms W is in fact automatically
almost de Rham, by using a dévissage on the finite dimensional L-algebra A.

Let o : (L ®g, K)" — Dyar(W) be a fixed isomorphism, we define another groupoid
Xy over Cy, as follows.

e The objects of X§ are (A, Wa,t4,4) with (Wy4,14) an object of Xy (A) and
@ (A®qg, K)" — Dpar(Wa) such that the following diagram commutes:

1®a

(L ®q, K)" —= L ®4 Dyar(Wa)

ok

(L ®q, K)" Dypar(W).

e A morphism (A, Wa,ta,a4) — (A, W/, tar,aar) is a morphism (A, Wa,14) —
(A", War,ta) in Xy such that the following diagram commutes:

n 1Qa

A ®a (A Xdq, K)" —= A" ®4 Dpar(Wa)

)

(A ©q, K)" — > Dpar(War).

Forgetting a4 gives an obvious functor X}, — Xy which is a morphism of groupoids
over Cr, in the sense of [49, §A 4].

Recall that a morphism X — Y of groupoids over Cy, is formally smooth if, for any
surjection A — B in Cp, any object xp in X (B) and any object y4 in Y (A) such that the
image of x5 under the functor X (B) — Y (B) is isomorphic to the image of y4 under the
functor Y (A) — Y (B), then there exists an object x4 in X (A) such that x4 maps to an
object isomorphic to g under X(A) — X (B) and x4 maps to an object isomorphic to
ya under X(A) — Y (A). For instance it is easy to check that Xi, — Xy is formally
smooth.

If X is a groupoid over Cj, such that, for each object A of Cr, the isomorphism classes
of the category X (A) form a set, we denote by |X|(A) this set so that we obtain a functor
| X| from Cy, to Sets as in [49, §A.5]. Note that we can also see any functor F' : C, — Sets
as a groupoid over Cy, by defining its objects to be (A, x) with z € F(A) and morphisms
(A,z) — (A’,2’) to be those morphisms A — A’ sending = € F(A) to 2/ € F(A).
Then we have an obvious morphism X — |X| of groupoids over Cr. For instance we
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have functors (or groupoids over Cr) | Xw| and |Xjj| and a commutative diagram:

X —— Xy

.

| X | — | Xw]

where the horizontal morphisms are formally smooth. Moreover the morphism X, —
| X| is actually an equivalence since any automorphism of an object (A, Wy, 14, ) of
X3 (A) is the identity on Dyqr(Wa) because of the framing, hence is also the identity on
W4 because of Lemma 3.1.4.

If (Wa,ta) is an object of Xy (A), we denote by vy, := vp_ ., (w,) the nilpotent endo-
morphism of D,gr(Wa) giving the action of G,. If (Wa, 14, 4) is an object of Xj.(A),
we define Ny, € M, (A ®q, K) = g(A) as the matrix of a;' o vy, o a4 in the canonical
basis of (A ®g, K)" (in the case A = L, we simply write Ny ). We denote by g the
completion of g at the point Ny € g(L), that we can see as a functor C, — Sets (hence
also as a groupoid over Cy).

Corollary 3.1.6. The groupoid Xy, over Cy, is pro-representable. The functor:
(Wa, ta,an) — Nw,

induces an isomorphism of functors between | Xy,| and §. In particular the functor | X |
is pro-represented by a ring Ry, which is isomorphic to L[ X, ... s X2 (k0,1 -

Proof. This easily follows from Lemma 3.1.4. U

Remark 3.1.7. The functor | Xy | is not pro-representable, though it has a hull in the
sense of [56, Def.2.7]. The dimension of this hull depends on the Jordan form of vy,. For
example, if vy = 0, one can check that the dimension of the tangent space | Xw |(L[e]) of
| Xw| is n?[K : Q,] so that R}, is a hull for |Xy| (we won’t use that result).

Definition 3.1.8. A filtered A®g,Bar-representation (W, F,) is an A®q,Bar-representation
W of Gk with an increasing filtration Fy = (Fi)icq1,..n} (where n is the rank of W) by

A ®q, Bar-subrepresentations of Gk such that the A ®q, Bar-modules Fy and F;/F;_1
for 2 < i <n are free of rank 1.

If A— Bis amap in C; and (W, F,) is a filtered A ®q, Bar-representation of G,
we define B ®4 Fy := (B ®a F;); and (B ®4 W, B ®4 F,) is then a filtered B ®q, Bar-
representation of G .

Let (W, F,) be a filtered L ®q, Bqr-representation of Gx with W almost de Rham of
rank n > 1. Then each quotient F;/F; 1 is almost de Rham and finite free of rank one
over L®gq, Bqr and thus (e.g. using Lemma 3.1.4) isomorphic to the trivial representation
L ®q, Bar. We define the groupoid Xy, 7, over Cp, of deformations of (W, F,) as follows.

e The objects of Xy 7, are (A, Wy, Fae,ta) where (Wa,14) is an object of Xy (A)
and F4, is a filtration of W, as in Definition 3.1.8 such that ¢4 induces isomor-
phisms Fa; ®4 L — F; for all i.

e The morphisms are the morphisms in Xy, compatible with the filtrations, i.e.
which induce isomorphisms Fa; ®4 A" — Far; for all i.

Forgetting the filtration yields a morphism Xy, — Xy of groupoids over Cy..
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Now we define the groupoid Xy, 5, over Cy, as the fiber product Xy, z, X x,, Xy (see [49,
§A.4]). More explicitely the objects of XVDVJ_-. are (A, Wa, Fae,ta,a4) with (Wa, Fae,ta)
in Xwr(A) and (Wa,1a,a4) in Xi7(A) (morphisms are left to the reader).

We set Dy = (D;)ieq1,....ny With D; := Dyar(F;) and, if (A, Wa, Fae, ta, a) is an object
of X‘V]VJ., we set Dao = (Day)i with Da; := Dpar(Fa,i). These are complete flags of
Doar (W) and Dpar(W4) (respectively) and stable under vy, resp. vyy,. We denote by
g (resp. 1) the completion of § (resp. t) at the point (o= (D,), Nyw) € g(L) (resp. at
the point 0 € t(L)). From Lemma 3.1.4 (and what precedes) and the smoothness of the
L-scheme g, we deduce as for Corollary 3.1.6 the following result.

Corollary 3.1.9. The groupoid XVDV’]_-. over Cy, is pro-representable. The functor:
(Wa, Faerta,an) = (a3 (D), Nw,)

induces an isomorphism of functors between |XVDV7]_-.| and 3 In particular the functor
|XVDVI.] is pro-represented by a formally smooth noetherian complete local ring of residue
field L and dimension n?[K : Q,] = dimg.

Let k : g — t, (¢B,v¥) — Ad(g~1)¢ be the weight map defined in §2.3, it maps the
point (o~ Y(D,), Nw) € g(L) to 0 € t(L) (since Ny is nilpotent) and induces a morphism

/‘\

. g — t. We write kw,r, for the composition of the morphlsms of groupoids over Cy:

where the second map is the isomorphism of Corollary 3.1.9. One checks that rw, z,

actually factors through a map still denoted kw r, : Xw r, — t (as changing the fixed
basis replaces (¢B, ) € g(A) by (¢'gB,Ad(¢')¢) for some ¢ € G(A) with the notation
of §2.1 which doesn’t change the image by k). We thus have a commutative diagram:

KW,Fe
KW, Fe

t.

The map rwr, @ Xwr — t has the following functorial interpretation. Let x4 =
(Wa, Fae, ta) be an object of Xy £, (A). The endomorphism vy, induces an endomor-
phism v4; of each Dy ;/Dyi—1 =~ Dpar(Fa,i/Fai—1) which is an A ®q, K-module of rank
1. Since there is a canonical isomorphism Endge, asq, (@) (DPai/Dai—1) ~ A®q, K, we
can identify v4; with a well-defined element of A ®g, K. Then kw7, is given by the
explicit formula:

(34) KW, F. ($A) = (l/AJ, ce VA,n) S (A XqQ, K)n ~ %(A)

3.2. Almost de Rham B]-representations. We define and study some groupoids of
equal characteristic deformations of an almost de Rham Bj;-representation of Gp.

We define a BJg-representation of Gx as a finite free BJz-module with a continu-
ous semilinear action of the group Gx and denote by ReijR(QK) the category of Bli-
representation of Gg. If W7 is a Blz-representation of Gg, then WT is a Gx-stable
Blg-lattice in the Bgr-representation W := W+ ®pt Bar = WH[1]. We say that W+

is almost de Rham if the Sen weights of the C-representation W /tW™ are all in Z. Tt
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follows from [32, Th.3.13] that this notion only depends on W and not on the chosen
invariant BJg-lattice inside .

We just write V instead of (V,vy) from now on for an object of Repy(G,). If V
is in Repg(G,), a filtration Fil*(V) = (Fil'(V));ez of V is by definition a decreasing,
exhaustive and separated filtration by subobjects in the category Repy(G,). If W is
an object of Rep,gr(Gx) and W C W a Gg-stable Bi-lattice, we define a filtration
Fil}y + (Dpar(W)) of Dpar (W) by the formula:

(3.5) Filiy+ (Dpar(W)) := (' Bjgr @ W) C Dpar(W) (i € Z).

It follows from [32, Th.4.1(3)] that the i such that Filjy+ (Dpar(W))/ Filifi (Dpar(W)) #
0 are the opposite of the Sen weights of W /tW™ (counted with multiplicity).

Proposition 3.2.1. Let W be an object of Rep,qr(Gx ). The map W+ +— Filjy+ (Dpar(W))
is a bijection between the set of Gy -stable Bl -lattices of W and the set of filtrations of
Doar (W) as a G,-representation.

Proof. Let W7 be a Gg-stable Bjg-lattices of W. We define a decreasing filtration on
the left hand side of (3.2) by:

(3.6)  Filys (Bpar ®x Dpar(W)) := D t"Blyg @ Filij. (Dar(W)) (i € Z)
i1+i2=1

and recall from the proof of Corollary 3.1.2 that W ~ W (D,ar (W), VDde(W)) = (Bpar®@x

Dpar(W))y—o where v := vp . @ 1 +1® vp_,zw). From the proof of [32, Th.3.13] we

see that (see (3.2) for ppar):

(3.7) poar (Filiy+ (Bpar @ Dpar(W))) S t'Blyp @pr WH (i € Z).

Moreover the bottom horizontal arrow in the commutative diagram on page 62 of [32] is
actually in our case an isomorphism (see [32, §2.6]) which implies that (3.7) is in fact an
equality for all 4 € Z. Consequently we see that for W+ C W a Gg-stable Bii-lattice,
we have:

W =W N ppar (Filly+ (Bpar @k Dpar(W))) C Bpar @By W
which proves that the map W — Filj,+ (Dpar (W)) is injective.
Conversely let Fil*(Dyar (W)) be a filtration of Dyar (W), set Fil’(Bpar®x Dpar(W)) 1=

ZiEZ t_iB;_dR XK FllZ(Dde<W)) and define:

Wi = W N ppar (Fil (Bpar ®x Dpar(W))) = ppar (Fil" (Bpar @ Dpar(W))v—o) C W.
The Blg-module W is clearly Gg-stable. Moreover a Bjz-submodule H of W is
a Blz-lattice if and only if U,t™"H = W and N,t"H = 0. Together with W ~
Ppar ((Bpar @k Dpar(W)),—o) this implies that pde(‘(tnB;de Qs Dpar(W))u=o) is a Bz~
lattice of W for each n € Z. Let ig := max{i, Fil'(Dpar(W)) = Dpar(W)} and iy =
min{i, Fil'(Dpar (W)) =0}, then we have:

pde((t_iOB;_dR @k Dpar(W))v=0) € Wi C pde((t_ilB;—dR @K Dpar(W))v=o)
which implies that Wi is a Bjz-lattice of W. One easily checks that p,qr induces an
isomorphism Fil’(Bpar ®x Dpar(W)) = Biag @+ Fil'(Bpar @k Dpar(W))y=o which
implies FilO(deR®KDde(W)) = Fil%/+ (Bpar®@x Dpar (W)) by the first part of the proof
Fil®

(apply the equality (3.7) for i = 0 with W), from which one gets Fil*(Dyar(W)) =

Fil},+ (Dpar(W)). This gives the surjectivity. O
Fil®
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From now on, if V' is an object of Repy(G,) and Fil* = Fil*(V) a filtration of V', we
denote by W (V, Fil*) the G-stable BJ-lattice of (Bpar @ V') @141, —0 associated
to Fil® via Proposition 3.2.1.

VBLdr

Let A be a finite dimensional Q,-algebra. We define an A ®gq, Bjg-representation
as a Blp-representation W7 of Gi together with a morphism of Q,-algebras A —
Endrep_, (g) (W) which makes W a finite free A ®q, Blz-module. We say that an

dR

A ®q, Bip-representation of Gx is almost de Rham if the underlying BJ;-representation
is. We define the category of filtered A ®q, K-representations of G, as the category of

(V,Fil*) where V' is an object of Rep,g, x(Ga) and Fil* = Fil*(V) = (Fil'(V))iez a de-
creasing, exhaustive and separated filtration of V by subobjects Fil'(V') of Rep 44 o x(G,)
such that the graded pieces griy (V) := Fil'(V)/ Fil'*! (V) are free of rank 1 over A®qg, K
for i € Z (the obvious definition of morphisms being left to the reader).

Lemma 3.2.2. The functor defined by W+ — (Dpar (W*[1]), Filjy 1), where one sets
Fily+ = Filjy+ (Dpar(WT[3])) as defined in (3.5), induces an equivalence between the
category of almost de Rham A ®q, Bl -representations of Gr and the category of filtered
A ®q, K-representations of G,. Moreover, if W+ is an almost de Rham A ®q, Big-
representation of G and M is an A-module of finite type (note that M @4 W is then
a Bg-representation), then for each i € Z there is a natural A-linear isomorphism of
Bl -representations:

M @4 gt (Dpar(W[F)) = erfgs  (Dpar(M @4 WT[3])).

AWt

Proof. Let Bypr = C[t,t7*,log(t)] as in [32, §2.7] and, for i € Z, set:
F111<BpHT) = th[t, log(t)] C BpHT'
Note that Bppr & ®jez gr'(Bpnr) where:

(3.8) gr'(Bpur) == Fil'(Bpur)/ Fil™™ (Bpur) = 'Cllog(t)] = t'B/l g /"' Bl k.
For a C-representation U of G, set :
 Dpur(U) == (Bpur ®c U)%%
Fllz(DpHT(U)) = (FﬂprHT ®C’ U)gK

gr'(Dpur(U)) == Fil'(Dpur(U))/ FIH (Dpur(U)) =2 (gr'(Bpnr) ®c U)9%.

Let W+ be a Bjy-representation of Gx and set W := W*[1] and W+ := W+ /tW™, which
is a C-representation of Gx. Left exactness of Gi-invariants and the last isomorphism in
(3.8) give a natural injection gr%ﬂ;wr (Dpar(W)) = gri(Dpur(WT)). If WT is almost de
Rham, we have:

dimK Dde(W) = Z dlIIlK gr%ﬂ;ﬁ (Dde(W)) < Z dlmK ng(DpHT(W»

S dlmK DpHT(W) = dlmom = dideR(W) = dlmK Dde(W>
where the first equality on the second line follows from the fact that the Sen weights of
W are in Z (i.e. WT is almost Hodge-Tate in the sense of [32, §2.7]). We thus see
that gri.. +(Dde(W)) = gr'(Dpopr(W)), and consequently that there is a functorial

w X .
isomorphism griy. (Dpar(W)) = ®icz 8rFire (Dpar (W)) =~ Dyt (W) on the category
of almost de Rham Bjz-representations. As the functor Dyyr is exact on the category

of C-representations with Sen weights in Z (see for example [32, Th.4.2]), we conclude
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that the functor W — gri.. N (Dpar(W)) from the category of almost de Rham Bji-
w

representations of Gx to the category of finite dimensional K-vector spaces is exact.
Equivalently if 0 — W;" — W3 — W3" — 0 is a short exact sequence of almost de Rham
Bjg-representations of Gx and if W; := W;"[7] for i € {1,2,3}, we have a strict exact
sequence of filtered K-representations of G,:

00— (Dde(Wl), Fﬂl./VfL) — (Dde(WQ>, Fll;[/;) — (Dde(Wg), Fll;/[/:;r) — 0.

Using that a Blz-submodule of a free B jz-module of finite type is also free of finite
type (as Bl is a discrete valuation ring), we get in particular that an exact sequence
Wit — W5 — W5t — 0 of almost de Rham Bl -representations yields an exact sequence:

griie |, (Dpar(W1)) — grige  (Dpar(W2)) — griae | (Dpar(Ws)) — 0.
Wl W2 W3
We can then argue exactly as in the proof of Lemma 3.1.4 and obtain both the last
statement of the lemma (writing M as the cokernel of a linear map between free A-
modules of finite type) and the fact that if W' is an almost de Rham A ®q, Biy-
representation of G then griy. (Dpar(W)) is a flat A-module.
w

Conversely if 0 — (V4, Fil}) — (V3,Fil3) — (V3,Fil}) — 0 is a strict exact sequence
of filtered K-representations of G,, then it follows from the definition of (V| Fil®)
W+ (V,Fil*) that there is an exact sequence of almost de Rham BJ;-representations of
Ok:

0 — WH(VL, Fil}) — W (Va, Fil}) — WH(V3, Fil?).
Considering the image of W (Va, Fil3) in W (V3, Fil3) (which is still a BJs-representation
as Bl is a discrete valuation ring) and applying the exact functor W+ glrl%ﬂ;wr (Dpar(W)),
we deduce that we have a short exact sequence:

0 — WV, Fil?) — WH(Va, Fil}) — WH(V3, Fil}) — 0.

We can then argue again as in the proof of Lemma 3.1.4 and check that for each A-
module M of finite type and each filtered A ®q, K-representation V' of G,, there is a
natural isomorphism M @4 W (V,Fil*) ~ WH(M ®4 V, M ®4 Fil*). If (V,Fil®) is a
filtered A ®q, K-representations of G,, then the A-module W*(V,Fil*) is A-flat if we
can prove that M — (M ®4 V, M ®4 Fil®) sends short exact sequences of finite type
A-modules to strict exact sequences of filtered K-representations of G,. But this is a
direct consequence of the above flatness of gr. (V) (together with Proposition 3.2.1).

Thus we have proven that W is A-flat if and only if gr}y. . (Dpar(WH[3])) is A-flat.
w
The rest of the proof is then essentially similar to the second half of the proof of Lemma

3.1.4 (using that one can embed Bjy into Bqr) and yields that W™ is finite free over
A ®q, By if and only if griy. ) (Dpar(W*[3])) is finite free over A ®g, K. O
w

Let L be a finite extension of QQ, splitting K and recall that if A is an object of Cr,, we
have A ®q, K ~ ®esA. Let W7 be an almost de Rham A ®q, Bjz-representation of
Gk and set Wy := Wi[7]. If 7 € ¥ and i € Z, set:

‘ Dpar - (Wy) = quR(WA) D awg, K107 A
Fﬂ;v; (Dpar,r(Wa)) = Fﬂ;v: (Dpar(Wa)) ®agg, k10 A
erar  (Dparr(Wa)) = Filly (Dparr(Wa))/ Filip: (Dpar.(Wa))-

A

It follows from Lemma 3.2.2 that they are all free A-modules of finite type.
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Now let W™ be an almost de Rham L ®q, B(J{R representation of Gi of rank n, W :=
W*[ | and, for each 7 € X, denote by —h,; > --- > —h,,, the integers ¢ such that:

gtiae . (Dpar.r(W)) = Filyy (Dpar,-(W))/ Fillj (Dpar.- (W) # 0

(counted with multiplicity). Let A be in Cy, W4 an almost de Rham A ®q, Bjg-
representation of Gr and t4 : Wi ®4 L — W an isomorphism of L ®q, Biz-
representations of Gx. The following result is a direct consequence of the last statement
of Lemma 3.2.2.

Corollary 3.2.3. For each 7 € ¥ and v € Z we have:
gpie  (Dparr(Wa)) ®a L = grpge  (Dpar,r(W)).
Wi w

In particular grie . (Dpar,-(Wa)) # 0 if and only if there exists j such that i = —h, ;.
w

A

We can define groupoids Xy+ and Xp, over Cp, of respectively deformations and
framed deformations of W7 exactly as we defined Xy and X5, in §3.1 by replacing W,
Wa in Xy by W+, W; with W} an almost de Rham A ®gq, Bjy-representation of G-
Note that X, = Xy+ Xx, Xj. We have X7, — Xp+ and inverting ¢ induces
morphisms Xy+ — Xy, Xj+ — X, of groupoids over Cj, together with an obvious
commutative diagram. We will make X}, more explicit under one more assumption on

w.

Definition 3.2.4. Let W* be an almost de Rham L Qq, Big-representation of rank
n. We say that W+ is regular if for each 7 € ¥ the h,; are pairwise distinct, i.e.
hep <-oo < hpy,.

Assume that W is moreover regular. Let A be an object of C, and (W3, t4,a4) an
object of X, (A). We define a complete flag:

Fily+ o = Fily+ ((Dpar(Wa)) := (Fily+ ;(Dpar (Wa)))ieqr,...n}
of the free A ®q, K-module Dyqr(W4) by the formula:
(3.9) Fily 1 (Dpar(Wa)) = P Fil "7 (Dpar(Wa)) i €{1,...,n}

TEY

and it follows from Corollary 3.2.3 that each FilW;’i(Dde(WA))/ FilW}i_l(Dde(WA)) is
a free A®q, K-module of rank 1. Since Fily+ | is stable under the endomorphism vy, of
Dyar(Wa), the pair (ozATl(FﬂWj,.), Ny ,) defines an element of g(A) where Ny, € g(A)
is as in §3.1. Denote by g the completion of § at the point (Fily+ ¢, Nw) € g(L) (note
that the formal scheme E here is in general different from the formal scheme also denoted
g in §3.1 since we complete at different points of §(L), see §3.5 for the mix of the two!).

Like for Corollary 3.1.9, we deduce the following result from Lemma 3.2.2.
Theorem 3.2.5. The groupoid Xiy+ is pro-representable. The functor:
(WA, ea,a) ¥ (ai! (Fily+ ), Nw,)
induces an isomorphism of functors between | Xy, | and . In particular the functor | X+ |
is pro-represented by a formally smooth noetherian complete local ring of residue field L

and dimension n?[K : Q,) = dimg.
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As in §3.1 we write K+ for the composition of the morphisms of groupoids over Cy.:
Xie — [ Xjs] =g -1
where the second map is the isomorphism of Corollary 3.2.5 and & is induced by x : g — t
(where t is the completion of t at 0). By the same argument as in §3.1 the morphism

kw+ again factors through a map still denoted ky+ : Xy+ — t so that we have a
commutative diagram:

XD, —= Xy

HW+
Kyy+

t.

3.3. Trianguline (¢, T'x)-modules over Rg[1]. We define and study some groupoids of
equal characteristic deformations of a (¢, 'k )-module over Ry, K[ﬂ and of a triangulated
(¢, Pk )-module over Ry k[}].

We define a (¢, 'k )-module over R[] as a finite free R [7]-module M with a semi-
linear endomorphism ¢ and a semilinear action of the group 'y commuting with ¢
and such that there exists an Ry-lattice D of M stable under ¢ and I'x which is a
(¢, 'k )-module over Ry in the usual sense (see e.g. [45]). Let A be a finite dimensional
Q,-algebra, we define a (¢, I'x)-module over R4 k[1] as a finite free R i [}]-module with
an additional structure of (¢, I'g )-module over Rg[1] such that the actions of ¢ and I'x
are A-linear. We denote by ®I'; the category of (o, 'x)-modules over Ry, Tk the
category of (¢, 'k )-modules over Ri[7] and ®T' 4 x the category of (p,I'x)-modules over
Rax|3] (with obvious morphisms).

Remark 3.3.1. Here again (compare Remark 3.1.3), it is possible that a (¢, 'k )-module
in ®I'4 x always contains an R4 g-lattice stable under ¢ and I'i-, but we don’t need this
result (note that it always contains an R k-lattice stable under ¢, I'j and A). This is true
at least for those objects in ®I'4 x giving rise to almost de Rham Bgg-representations of
Ok, see Remark 3.5.2.

Definition 3.3.2. Let A be a finite dimensional Q,-algebra and M an object of ®I'4 k.
We say that M is of character type if there exists a continuous character 6 : K* — A*
such that M ~ R 4 x(0)[7].

From now on we assume moreover that L splits K, that L C A and that A is local.
For 7 € ¥ we also fix a Lubin-Tate element ¢, € Ry i as in [45, Not.6.2.7] (recall that
the ideal ¢, Ry x only depends on 7).

We say that a continuous character 6 : K* — A~ is Qp-algebraic, or more simply
algebraic, if it has the following form: for each 7 € ¥, there exists an integer &, such that
§(2) = [Les 7(2)" for z € K*. If k := (k;), € ZIF®] we write ¥ this character. A
continuous character K* — A* is said to be constant if it factors through K* — L* C
A* (i.e. is a constant family viewed as a family of characters over Sp A). Note that with
this terminology any algebraic character is constant.

Let 0 : K* — L* be continuous. It follows from [45, Cor.6.2.9] that every non zero
(¢, Tk )-submodule of Ry, ;(6)[1] is of the form t*R;, k() for some k = (k,), € ZK:@]
where t* := [[. tﬁf € Rrk-
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Let Ag be the torsion subgroup of I'x and fix 75 € 'k a topological generator of
I'g/Ag. If M is an object of ®T'k, we define H),_ (M) as the cohomology of the
complex:

(310) MAK (410_1)7(71(_1) MAK @ MAK (1_7K7§0_1) MAK

If M is an object of ®I'4 i then the groups pr,w (M) are A ®q, K-modules. Moreover
if D C Mis a (¢,T'k)-submodule such that M = D[1], then we have the formula:
(3.11) H,, (M) =limH,_ (t7"D)

where H!  _(t7"D) is the cohomology of the (o,I'x)-module t™"D over Ry (which is
also given by (3.10), see [50]). In particular one has:

(3.12) H,, (M) = h'%H;WK (t™"D) ~ r%Ext}H} (R, t"D) ~ Extip, (Rx[L], M)
where the second isomorphism is the usual explicit computation of extensions in terms
of 1-cocycles (see [21, Lem.2.2]) and where the last isomorphism is easy to check. If M
is in ®I'4 g, the embedding RK[%] C RAK[%] yields by pull-back a K-linear map:

(3.13) Exter,  (Raxli], M) — Extgr, (Ri[], M)

which is easily checked to be injective. By (3.12) any extension in Ext(II)FK (RK[%], M)

is given by a 1-cocycle in H ;m( (M), which in turn can be used to construct an explicit

extension in Extyp,  (Rax[i], M) (arguing as in [21, Lem.2.2]). It follows that (3.13)
is surjective, hence is an isomorphism of K-vector spaces.

The functor M — HY_ (M) isleft exact and we check using (3.11) that HY . (Ra x[3])

PYK PVK
A®q, K. For any continous ¢ : K* — A%, by a dévissage on R4k (0)[7] or R4k (0) and

the left exactness of H2 _  (3.11) together with [45, Prop.6.2.8(1)] (see also [53, §2.3])

PYK?

imply the following inequalities:
(314) dlmK HSWK (RA,K(5)) S dlmK Hg;’YK (RA,K(a)[%]) S dlmK A ®Qp K.

The following Lemma follows by induction from [2, Prop.2.14].

Lemma 3.3.3. Let k = (k;).ex € Z[z’f;@“, 0 : K* — L* a continuous character and
je{0,1}. .

(i) If wt-(0) ¢ {1 — kr,...,0} for each T € ¥ we have H) | (R x(6)/t“Rr,k(d)) = 0.
(it) If wt,(0) € {1—k,,...,0} for each T € ¥ we have dimy H) | (R x(8)/t“Rpk(6)) =
(K Q).

Lemma 3.3.4. Let 6; : K* — A* fori = 1,2 be two continuous characters. If there is an
isomoprhism Rk (61)[3] ~ Ra k(02)[1], then the character 656, " is a constant algebraic
character K* — L*.

Proof. We can twist by ;' and assume that §; is trivial, so that we have an isomorphism
RA,K[%] - RAﬁK(52)[%]. The induced embedding R4 x — RAJ(((SQ)[%] factors through
t™"R A x () for some integer k > 0. Consequently, replacing do by 52N I}f}@p we can as-
sume that there exists an embedding R 4 x < R4k (d2) such that RA,K[%] = RA,K((SQ)[%].

We deduce A ®qg, K ~ H). (Rax) < HZ. (Rax(d2)), and hence we obtain an

PVK PYVK
isomorphism H)_ (Rax) = H) . (Rax(02)) by (3.14). As A is a finite Q,-algebra, we

have R4 x = Rk ®q, A. Consequently R 4 x and R4 x(d2) are free A-modules, R4 x is a
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direct factor of R4 x(02) as an A-module and hence A/m @4 Rax — A/Mma®@AR A x(02)
which implies that d, modulo m, is an algebraic character n = [[, 7% : KX — L* for
some k = (k;); € ZEP Let D = t*R4 x(6,) € Rax(6). We have H? (D) C

= PIYK

HY_ (Rak(d)). As wt (0 modulo my) = —k,, by (i) of Lemma 3.3.3 and a dévissage

PYK
on A using the left exactness of H7)  we obtain H) (R x(d2)/D) =0, so that:
As H877K(RA7K) contains a generator of R4 x, we obtain R4 x € D as R4 x-submodules
of Rak(d2). But Rax and D are two isocline (g, 'x)-modules over R with the same
rank and the same slope, hence they are equal (see for example [44, Th.1.6.10]) and thus

d2 = n by [45, Lem.6.2.13]. O

Recall from [6, Prop.2.2.6(2)] that there exists a covariant functor W from the cat-
egory of (¢, 'k )-modules over Rx to the category of Bjg-representations of G (see the
proof of Lemma 3.3.5 below for details on its definition). Let M be a (¢, I')-module over
Rili] and D C M a (¢, Tg)-submodule such that M = D[7]. Then it is easily checked
that Wyr(M) = Bar gt Wiz (D) does not depend on the choice of D and defines a

functor Wag from the category of (¢, I'x)-modules over Ri[] to the category of Bag-
representations of Gi. Moreover the functoriality of the construction in loc.cit. implies
that if D (resp. M) is a (¢, T'x)-module over R4 x (resp. Rak[1]), then Wi (D) (resp.
War(M)) has a natural structure of an A ®q, Big-module (resp. A ®g, Bar-module).

Lemma 3.3.5. (i) Let D be a (¢,T'x)-module of rank n over Ra . Then Wix(D)
is a finite free A ®q, Big-module of rank n. In particular Wiy (D) is an A ®q, Bix-
representation of Gk .

(ii) Let M be a (¢,Tk)-module of rank n over R k[t]. Then War(M) is a finite free
A ®q, Bar-module of rank n. In particular War (M) is an A ®q, Bar-representation of
Ok.

Proof. We only prove (i), the proof of (ii) being totally analogous (note however that
we cannot directly deduce (ii) from (i) in general, see Remark 3.1.3). It follows from [6,
Prop.2.2.6] that the rank of Wi (D) over By is the same as the rank of D over Ry.
Hence it is enough to prove that Wik (D) is a free A ®g, Bjz-module. By the same kind
of argument as in the proof of Lemma 3.1.4 or Lemma 3.2.2, we see that it is sufficient to
prove that Wi (D) is a flat A-module. This is shown in two steps. First we show that for
every A-module M of finite type, there is an A-linear isomorphism of B -representations
M@AWL(D) ~ Wik (M &4 D), secondly we show that the functor Wi, sends short exact
sequences of (¢, 'k)-modules over Ry to short exact sequences of Biz-representations.
The first point is a direct consequence of the fact that Wiz commutes with finite direct
sums and sends right exact sequences to right exact sequences (this last fact following
from the very definition of Wy in [6, Prop.2.2.6(2)]). The second is contained in [52,
Th.1.36], but we briefly recall the argument. Let 0 — Dy — Dy — D3 — 0 be a short
exact sequence of (p,'x)-modules over R and let r > max{r(D;),1 < i < 3} where
r(D;) is defined in [5, Th.1.3.3]. For 1 < < 3, let D! be the R-submodule of D; defined
in [5, Th.I.3.3] where R is the ring BL’;,K of loc.cit. (recall that Ry is denoted there
BL&K). Then Wir(Di) = Big ®rr. Dj by [6, Prop.2.2.6(2)]. It easily follows from the
properties defining these D! in loc.cit. and the fact that R} is a Bezout ring that we
have a short exact sequence of free R-modules of finite type:
0 — D] — Dj — D3 — 0.
37



In particular we have Tor?;((Bz{R, Dj) = 0 and thus the short sequence:
0 — Wig(D1) — Wik(D2) — Wix(Ds) — 0

is still exact. O

By [52, Th.1.36] (or the proof of Lemma 3.3.5) the functors D — Wik (D), resp.
M — Wer(M) send short exact sequences in ®T'), resp. ®T'x to short exact sequences

in RepBIR(gK), resp. Repg,, (Gk)-

If 6 : K* — A* is a continuous character, we say that § is smooth if wt(J) = 0 and
locally @Q,-algebraic, or more simply locally algebraic, if it is the product of a smooth
character and an algebraic character. Equivalently ¢ is locally algebraic if and only if
wt (0) € Z C Aforall T € X

Lemma 3.3.6. Let 6 : K* — A* be continuous and M := R x(6)[§].

(i) Assume that 6 := § modulo my : K* — L* is smooth. Then the Byr-representation
War(M) is almost de Rham and we have:

Wt(é) = VWdR(M) - A ®Qp K ~ EndRepA®QpK(Ga)(Dde<WdR(M)))-

(ii) More generally assume that § is locally algebraic, then War (M) is almost de Rham

and we have wt(6) = wt(6) + v, (m) € A ®g, K.

Proof. We can write § = 0105 where 01,09 : K — A* are two continuous characters such
that &, orecy' can be extended to a character of Gx and 52|OIX( = 1. As Wii(D) doesn’t

depend on the Frobenius ¢ on the (¢, 'k )-module D := R4 x(0) (see [6, Prop.2.2.6(2)]),
it follows from the construction of D (see [45, §6.2.4]) that War(M) ~ War(Ra,x (61)[3])
(i.e. War(M) doesn’t depend on §3). Since wt(d;) = wt(d), we can replace § by ;. The
Bgr-representation Wag (M) is isomorphic to (A®g, Bar)(6), i.e. we twist by 0 the action
of Gx on A ®q, Bar. If do recl}1 is a de Rham character of Gy, the Byg-representation
(L ®g, Bar)(0) is de Rham, hence almost de Rham, and thus (4 ®g, Bar)(J) is almost
de Rham as an extension of almost de Rham representations (use a dévissage on A).

(i) Since the C-representation (A ®q, Biz)(0)/t(A ®q, Bir)(d) has all its Sen weights 0,
we have isomorphisms:

Dyar((A®q,Bqr)(0)) € (Bip[log(t)]@p;, (A®g,Blk)(6))7 = (Cllog(t)|®c(A®q,C)())%

in Rep Asq, x(G,) (the nilpotent operator being defined everywhere analogously to the
one on Dyqr and the second isomorphism following from an examination of the proof of
(32, Lem.3.14]). Sen’s theory shows that we also have an isomorphism in Rep 45 oy Koo (Ga):

Koo @ (Cllog(t)] ®@c (A ®q, C)(8))9% — Agen((A ®q, C)(9))

where the nilpotent operator on the right hand side is given by the Sen endomorphism
(see e.g. [32, §2.2] together with [32, Prop.2.8]). But we know that the Sen endomorphism
on Agen((A ®q, C)(9)) is just the multiplication by wt(d) € A ®q, K.

(ii) We can write § = ;6,65 where §;0orecy’ can be extended to G, 6y : K* — L* C AX is
constant such that dyorecy' can be extended to a de Rham character of Gx and 53|O}><( =1.

We thus have WdR(M) ~ WdR(RA,K(5152)[%]) = (A ®Qp BdR)((Sldz) = (A ®Qp BdR)<51)
which is almost de Rham by (i). By (i) again, we also deduce vy, am) = wt(d1)

wt(0) — wt(d2) = wt(d) — wt(9). N E



Lemma 3.3.7. The Bag-representation War(Rax(6)[§]) is trivial if and only if & is
locally algebraic.

Proof. As in the proof of Lemma 3.3.6, we can write any & as 0,0, where &, o recy' can
be extended to Gx and dafpx =1 and we have War(Rax(0)[3]) = War(Rax(01)[3]) =
(A ®q, Bar)(01). We have (A ®q, Bar)(61) = A ®q, Bar if and only if d; is de Rham if
and only if d; is the product of a smooth character with an algebraic character (namely
((5151_1)31). Since 0y is smooth, this proves the statement. O

Definition 3.3.8. Let M be an object of ®I'y x and n > 1 its rank. We say that M
in ®T'4 ¢ such that My and M;/M;_y for i € {2,...,n} are of character type. Such
a filtration M, is called a triangulation of M and, if M;/M;_; = RA,K((Si)[%] where

n} U8 called a parameter of M,.

77777

..... ny is locally
algebraic if each ¢; is. If a triangulation M, admits a locally algebraic parameter, then
by Lemma 3.3.4 all parameters of M, are locally algebraic.

Fix M a trianguline (¢, I'x)-module over R, x[] together with a triangulation M, of
M. We define the groupoid X, over Cp, as follows.

e The objects of X m, are quadruples (A, Ma, M., ja) where A isin Cp, My is
a trianguline (¢, I'x)-module over R4 k[7], Ma. a triangulation of M, and ja
an isomorphism M4 ®4 L — M which induces isomorphisms M4 ;@4 L — M,
for all 4.

e A morphism (A, M, Mae,ja) — (A, Mar, My e, ja)isamap A — A" inCy,
and an isomorphism M ®4 A" — M 4 compatible (in an obvious sense) with the
morphisms j4, ja- and with the triangulations, i.e. which induces isomorphisms

Mu; @4 A= My ; for all i

Denote by 7T the rigid analytic space over Q, parametrizing continuous characters
of K* and 7Ty, its base change from Q, to L. Fix a triple (M, M,,d) where M is a
trianguline (¢, 'k )-module of rank n > 1 over RL,K[%], M, a triangulation of M and
0 = (01,...,0,) with ¢; : K* — L* a parameter of M,. Note that we can see  as
a continuous character (K*)" — L*, i.e. as an element of 7;*(L). The functor of
deformations of ¢, i.e. the functor:

A — {continuous characters 04 = (d41,...,04n) : (K*)" — A, 04, modulomy = ¢; Vi}

is pro-represented by the completion ﬁ of T;* at the point 0 € T;*(L). If Ais in Cy,
and (My, My, ja) is an object of X, (A), it follows from Lemma 3.3.4 that there
exists a unique character 4 € ﬁ(A) which is a parameter for M 4, and satisfies 0 4 = 6
modulo my4. The map: -

(A, Mu, Mae, ja) — (A 04)

gives rise to a morphism ws : Xy m, — ﬁ of groupoids over C;. Note that, if ¢’ is

another parameter of M,, then 6’6" is (cons{ant) algebraic by Lemma 3.3.4 and we have
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an obvious commutative diagram:

(3.15) ;WB/MQ B

75 — 5"

We also define the groupoid X, over Cj, by forgetting everywhere the triangulations in
Xmm. (that is, we only consider deformations of the (¢, I'x)-module M). We have a
“forget the triangulation” morphism X s, — X of groupoids over Cy.

Fix M and M, as above, then by (ii) of Lemma 3.3.5 (with A = L) F; := Wyr(M;)
Definition 3.1.8. Assume moreover that M, possesses a locally algebraic parameter. It
then follows from Lemma 3.3.6 that each Byg-representation JF;/F;_; is almost de Rham
and hence that W is also almost de Rham (as it is an extension of almost de Rham
Bgr-representations). It moreover follows from (ii) of Lemma 3.3.5 that the functor Wyr
defines a commutative diagram of morphisms of groupoids over Cy:

Xmm, — Xw, 7,

L

X Xy

Now we fix an isomorphism « : (L ®q, K)" — Dper(W) as in §3.1, so that we
have the groupoids Xy, and Xy, z, over Cp, (see §3.1). We define the fiber products of
groupoids over Cr, (see [49, §A.4] and §3.1):

o ._ O O R O ~ O
X=X xXxy Xy and - Xy, = Xvmome Xxw 7, Xwr, = Xvome Xxw Xy

.....

(316) 04 = (Oaiieqr,.ny = (Wt(da3) = Wt(d:)icqr,..n}) € (A @q, K)" = HA)

..........

induces a morphism of formal schemes wt — wt(8) : T, — t.

Corollary 3.3.9. The diagram of groupoids over Cy:

Xmme — Xw 7,

ws \LNW’F'
— wt—wt(§) ~
77 ®_1
s commutative.
Proof. This is a consequence of (3.4) and of (ii) of Lemma 3.3.6. O

From Corollary 3.3.9 we obtain a morphism of groupoids over Cy:
(3.17) Xpme — T3 3 X,

Writing 7~ ~ GX& x W where W is the rigid analytic space over Q, parametrizing con-
tinuous characters of O, we see that the right hand side of (3.17) is isomorphic to

Gr x Xw.r, (with obvious notation).
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3.4. A formally smooth morphism. We prove that under certain genericity assump-
tions the morphism (3.17) is formally smooth.

We keep all the previous notation (in particular we assume from now on that L splits
K). Let A be in C;, and M be an object of ®I'4 k. Recall from §3.3 that we have
EXtclppA’K<RA,K[%], M) ~ H;_ (M). Moreover, if W is an almost de Rham A ®g, Bqr-
representation of Gg, there are natural isomorphisms:

(3.18) ExthepAyde(gK)(A@)@p Bag, W) ~ Extlgem@@ (A®q, Bar, W) ~ H'(Gx, W)

Bag (9K)

where the last A ®q, K-module is usual continuous group cohomology, the first isomor-
phism comes from the fact that Rep 4 ,qr (Gk) is stable under extension in Rep 4 o, Bar (Gk)
and the second is the usual explicit description by 1-cocycles. In particular it follows
that the exact functor M — War(M) from ®I'yx to Repag, g, (G) (see §3.3) gives
a functorial A ®q, K-linear map:

(3.19) Hj_, (M)~ Exter,  (Rax[t], M)
— Ethl"»epA%deR(GK)(A ®q, Bar, W) ~ H' (G, War (M)).

Moreover the equivalence of categories Dpqr of Proposition 3.1.1 between Rep g (Gk)
and Repg(G,) induces functorial isomorphisms by an explicit computation:

HO(gKv W) = HomRepde(gk)(BdRa W) = ker(’/W)
HY(Gg, W) ~ Ext%{epde(gK)(BdR, W) =~ coker(vy)

where vy is the K-linear nilpotent endomorphism of Dyqr(W). In particular we see
the functor W —— H'(Gg, W) is right exact on Rep g (Gk). Since the functor W —
HO(G, W) is exact on the category of de Rham Bggr-representations W of Gy, it follows
that W —— H'(Gx, W) is also exact on the category of de Rham Bggr-representations of

Ok

Lemma 3.4.1. Let § : K* — L* be a continuous character such that 6 and €6~ are
not algebraic. Let k = (k;), € ZL’%@P].

(Z) We have Hg,'yK(t_kRLK(é)) = HLZ,WK (RL,K(é)) =0.
(it) If wt-(0) ¢ {1,...,k-} for each T € 5, then H),  (Rpk(0)) — H}. (t7*Rpk(0))
is an isomorphism.

(iz’i)hffwtf(é) e{l,... .k} foreach T € X, then H) | (Rpx(5)) — H}. (t7*Rpk(0))
is the zero map.

Proof. From [53, Prop.2.10] (together with and [53, §5]), our general hypothesis on §
implies (i) and also dimp H}_ (R x(0)) = dimy H)  (t ¥R k(6)) = [K : Q] for any
k € Z¥@l Then the result comes from the long exact cohomology sequence associated
to:

0— RL,K((s) — tik’R,L’K((S) — tik’R,L’K(é)/RL’K(é) — 0.

together with Lemma 3.3.3 (replacing § by 27%¢). U

Lemma 3.4.2. Let § : K* — L* be a locally algebraic character such that § and 6+
are not algebraic. Then the map in (3.19):

H;m/x (Rex(0)[3]) — H'(Gx, War(RLx(0)[}])) ~ H (Gk, L ®q, Bar)

s an isomorphism.
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Proof. Replacing § by z7%§ for some k € Z Q”] we can assume wt,(0) < 0 for all 7. Then
(i) of Lemma 3.4.1 and (3.11) imply that the inclusion Ry, x(6) C Ry k(d)[] induces
an isomorphism H; o (Rik(6) — H_ (Rr,x(0)[5]). In particular we have
dimg, H}_ (R, k(0)[3]) = [K : Q)] (see the proof of Lemma 3.4.1). Lemma 3.3.7 implies
WdR(RL k(0)[3]) = L ®g, Bar and it easily follows from [61, Th.1] and [61, Th.2] that

dimy, H'(Gk, L ®q, Bar) = [K : Q,]. Thus it is enough to prove that the map:
(3.20) H, ., (Rpk(6)) — H' (G, War(Re.x(9)))

PVK
is an isomorphism. Since these two L-vector spaces are both of dimension [K : Q,], it is
enough to prove that the kernel of (3.20) is zero.

Let W(8) := (Wo(Rr.x(9)), Wir(Rr.x(5))) be the L-B-pair associated to Rp k()
following [52, §1.4] (which generalizes [6]) and H'(Gx, W (9)) the L®g, K-module defined
in [52, Def.2.1]. We have an isomorphism

(3.21) H, o\ (Rexc(9)) = HY (G, W(0))

by [52, Prop.2.2(2)] together with [52, Th.1.36] (and the interpretation of H} (D) as
extensions of Ry by D). The kernel of H'(Gx, W (8)) — H'(Gr, War(RL.x(9))) is
denoted by H,(Gx,W(d)) in [52, Def.2.4]. It follows from [52, Prop.2.11] that its
vanishing is equivalent to an isomorphism H}(Gx, W (67 te)) = HY(Gr, W (6 1))
where H!(Gx, W (6 t€)) is defined in [52, Def.2.4], or equivalently to the vanishing of the
map (see [52, Def.2.1]):

(3:22) H(Gr. W(7'6)) — H'(Gr, WelRo x(67'2)).

However it follows from the definition of W, (R k(6 '¢)) (see [6, Prop.2.2.6(1)]) that it
only depends on Ry x(6)[}], hence we have for any k € Z[ZIB:Q”]:

We(RL,K((S_lg)) = We(t_kRL’K((;_lg)) = We(RLK(Z_k(;_l&))
and the map (3.22) factors as:

HY(Gr, W (67 'e)) — H'(Gk, W(z76'e)) — H' (G, We(Rp k(27507 "e)))
~ H'(Gie, Wo(Rpx(57'€))).
As for the first isomorphism in (3.21), the first map is also:

H (RL K((S 6)) — Hl (RLK(Z_ké_lS))

PVK PIYK

kRL K((S 6))

<P’YK(

which is zero by (iii) of Lemma 3.4.1 since we can choose k = (k,), € Z, F O] such that
k; > —wt.(d) + 1 for all 7 (and recall wt,(5) < 0 hence —wt, () +1 > 1) Thus (3.22)
is a fortiori zero. O

Lemma 3.4.3. Let A be an object of Cy, and let § : K* — A* be a continuous character
such that § and €5 are not algebraic where 6 := 6 modulo m,.
(i) We have H? (RAK(é)[ ) = H? (RAK((S)[ ) =0.

PYK K
(ii) Assume moreover 0 locally algebraic, then the map:

Hy o (Rax(0)[3]) — H'Y (G, War(Rax (9)[7])

18 surjective.
(7ii) Assume moreover § locally algebraic, then the map:

H,  (Rax(0)[}]) — H'(Gx, War(Rax(6)[7]))

s an isomorphism.
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Proof. (i) Let M be a (¢,T'g)-module over Ry k[7] which is a successive extension of
(¢, 'k )-modules isomorphic to Ry, x(6)[3] (for instance M = R4 x(8)[1]), then it follows
from (i) of Lemma 3.4.1 and the long exact cohomology sequence that H) (M) =
H2. (M) =0

(ii) Let M as in (i). Since the functor Wyg is exact and since Wyg (M) is almost de Rham
(as it is an extension of almost de Rham Bgg-representations), then it follows from (the
surjectivity in) Lemma 3.4.2, from the right exactness of the functor W —— H(Gx, W)
on Rep,4r (Gx) and from (i) that the map H}_ (M) — H'(Gx, War(M)) is surjective.
(iii) The last statement follows from the dévissage in (ii) together with Lemma 3.4.2 and
the fact W —— H'(Gg, W) is exact on the category of de Rham Bggr-representations of

Ok. Ol

Denote by 7y C 77, the subset which is the complement of the L-valued points 2¥, g(2)z¥
with k = (k,), € ZE@I and by 7" the characters § = (dy,...,d,) such that &/5; € T
for i # j. Equivalently 7;* C 7" is the complement of the characters (dy,...,d,) such
that (51-(5]71 and 5(2(5]1 are algebraic for i # j. Note that if a triangulation M, (on a
trianguline (¢, T'x)-module of rank n > 1 over Ry, x[3]) admits a parameter in 73"(L),
then by Lemma 3.3.4 all parameters of M, are in 7" (L).

We can now prove the main result of this section.

Theorem 3.4.4. Let M be a trianguline (¢,T'k)-module of rank n > 1 over Ry k3],
locally algebraic and that 6 € Ty*(L). Let W= War(M) and Fy := War(M.,). Then

the morphism:
XmMe — 7';" X7 Xw,r,

of groupoids over Cr, in (3.17) is formally smooth.

Proof. Let A — B a surjective map in Cr,, 5 = (Mp, Mp., jp) an object of Xy . (B),
yp = (0, Wg, Fp.e, tp) its image in ﬁxTXW;.(B). Let ya = (04, Wa, Fae,ta) bean ob-
ject of T} x7Xw,r, (A) such that §, = 0 modulo ker(A — B) and B4 (Wa, Fae,ta)
(Wg, Fpe,t5). We will prove that there exists some object z4 = (Ma, M., ja) in

Xmm. (A) whose image in X am, (B) is isomorphic to zp and whose image in Tr X7
Xw.r. (A) is isomorphic to y4. Write 04 = (da1,...,04,) and 0p = (0p1, ... ,5B7n)T By
induction on ¢ we will construct (p, 'k )-modules M 4 ; over RAK[%] such that M 4,1 C
My, and isomorphisms R4 k(6 Az)[%] ~ Ma;/Ma,;—1 with compatible isomorphisms
B®s Ma; ~ Mg, War(Ma,;) ~ Fa,; (compatible meaning with B ®4 Fa; ~ Fp,i).
For i =1 one can take Ma; := Rax(6a1)[7]. Fori e {2,...,n} set:

1 o 1 1
EXtop o nn @008 = Xty o) (Warn(Raxc(0a)[{]), Faic1)
1 o 1 1
EXtRepB@,QdeR(g}{),i = EXtRepB®QdeR(gK) <WdR(RB,K(5B,z‘)[;D,FB,i-l)
Exter, i = Exter, (Rpx(05:)[H], Mpi1).
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Assuming that M4 ;1 is known for a fixed ¢ > 2, the existence of M4 ; is then obviously
a consequence of the surjectivity of the map:

4% B 1
Exter, o (Rax(0a:)[3], Mai1) e

1
GK)yi X Extl EXtCDFB,K:i

1
Ext
RepA%p X RepB®QdeR(gK),z‘

Bap (
which itself follows by (3.12), (3.13) and (3.18) from the surjectivity of:

(3.23) HL. (Ma;1(57%) —
Hl (gK’ WdR(MA,ifl((SZ,li))) XHl(gK,WdR(MB,i—1(5_1 ) H;KYK (MB,zfl(ag,ll))

B,i

For i # j, the characters d A,jst,li satisfy the hypotheses of Lemma 3.4.3, consequently
Lemma 3.4.3 (both (i) and (ii) are needed) together with right exactness of the functor
W — H'(Gk, W) on the category Rep g (Gx) imply the surjectivity of the map:

H,_ (Mai—1(6; 1)) — H'(Gr, War(Mai-1(0435)))-

For W4 in Rep,qr 4(Gx) we have an isomorphism Dyqr(Wa) ®4 B ~ Dpqr(Wa ®4 B)
in Reppg, «(G,) (see the proof of Lemma 3.1.4) from which it follows that coker (v, )® 4
B = coker(vw,g,p5) where vy, (resp. vw,e,p5) is the nilpotent endomorphism on
Dpar (Wa) (resp. Dpar(Wa®4B)). Since we have functorial isomorphisms H* (Gx, Wa) ~
coker(vy,) of A ®q, K-modules, it follows that H'(Gx, Wa) ®4 B ~ H'(Gx, W4 ®4 B),
and in particular that H'(Gg, WdR(MA,¢_1(5Z’1Z-))) ®a B ~ H' (G, WdR(MB,i_l(ég}i))).

If0— M; - M — My — 0 is an exact sequence in ®I'4 g such that H? (M;)

PVK

H: (M;) = HY) (M; ®4 B) = H2_ (M; ®4 B) = 0 and H}_ (M;) @4 B =

PyVK PVK PyYK
H,_  (M;®s B) for i € {1,2}, then the long exact cohomology sequence for H

and an ecasy diagram chase yield an isomorphism H_ (M) ®s B = H._ (M ®4 B).
By (i) of Lemma 3.4.3, HY_ and H2_  cancel Rak(04;0,5)[5] and Rp k(05,;055)[+]
for i # j, and more generally any M which is a successive extension of Ry, x(9,0; 1)[%] for
1 # j. By the same argument as in the first part of the proof of Lemma 3.1.4 using that

the functor H, in is then exact on the subcategory of such objects M and commutes with
direct sums, we obtain isomorphisms H., | (Ma;-1(64})) ®a B — H}_ (Mp,;_1(35}))
(note that M4;_1(65}) is a successive extension of R x(04,;0,5)[7] for j <i—1).

The surjectivity of the map (3.23) is then a consequence of Lemma 3.4.5 below applied
with M = H! (MA,z‘—l((;A:li)) and N = Hl(gK,WdR(MAJ_l(é;’lZ-))). O

PVK

Lemma 3.4.5. Let A be a ring, I C A some ideal and B := A/I. Let f: M — N be a
surjective A-linear map between two A-modules. Then the map M — (M®aB)Xng, 8N
sending m € M to (m ® 1, f(m)) is surjective.

Proof. Let P := ker(f), tensoring with B we obtain a short exact sequence P ®4 B —

M®sB - N®4B — 0. Let (z,y) € (M ®4B)Xng,5N. There exists § € M such that

f(g)=vy. Letu:=2—g®1e€ M®4 B. The image of u in N ®4 B is zero, hence there

exists v € P ®4 B whose image in M ® 4 B is equal to u. Let u € P C M lifting v, then

ut®1l=wuin M ®4 B. We have f(g+a)=f(g) =yand (1 +0)@1=(r—u)+u==2x

in M ®4 B: this proves that § + @ € M maps to (x,y) € (M ®4 B) Xyg,5 N. O
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We say that a morphism X — Y of groupoids over Cp is a closed immersion if it
is relatively representable ([49, Def.A.5.2]) and if, for any object y € Y(4,), the object
x € X(A,) representing the fiber product § xy X (see [49, §A.5] for the notation) is such
that the map A, — A, is a surjection in C,.

Proposition 3.4.6. Let M be a trianguline (T x)-module of rank n > 1 over Ry k3],

-----

T3 (L), then the morphism Xy pm, —> Xm of groupoids over Cy, is relatively representable
and is a closed immersion.

Proof. Since a triangulation M 4, deforming M, on a deformation M4 of M is unique
if it exists by a proof analogous to [1, Prop.2.3.6] (using (i) of Lemma 3.4.3), we have an
equivalence of groupoids over Cy:

(3.24) Xpme = Xt Xx ) [Xmma |-

A proof analogous to [1, Prop.2.3.9] but “inverting ¢ everywhere” shows that the mor-
phism |X .| — |Xm| is relatively representable. This implies that the morphism
Xmm, — X is relatively representable as well. The last statement follows easily
from this together with (3.24) and the fact that | X, | is a subfunctor of | X . d

Lemma 3.4.7. Let M be a trianguline (p,'x)-module of rank n > 1 over Ry k[}], M

0 € To(L). Let (A, Ma,Mue,ja) be an object of Xapm, and 04 = (0a;)ic1,..n} @S
before (5.15). Assume that the nilpotent endomorphism vy, (rmu) 0 Dpar(War(Ma)) is
zero. Then we have Ma; = &' Rax(0a;)[1] fori € {1,...,n} (i.e. the (¢,T'x)-module

My is “split”).

Proof. Since vy, (m,) = 0, we have in particular wt(d4,) = wt(d;) by Corollary 3.3.9
and (3.4), i.e. 04, is locally algebraic for all . The result then follows by dévissage from
Lemma 3.1.4 and (iii) of Lemma 3.4.3 (via (3.12), (3.13) and (3.18)). O

3.5. Trianguline (¢, ['x)-modules over Ry. We define and study some groupoids of
equal characteristic deformations of a (¢, I' x)-module over Ry, ¢ with a triangulation over
Rik|7) and of an almost de Rham BJg-representation of Gx with a filtration over Bqg.

We keep the previous notation and fix a (¢, I'x)-module D over Ry, . We define the
groupoid Xp over Cp of deformations of D exactly as we defined X, in §3.3 except
that we don’t invert ¢ anymore (so objects are (¢, 'x)-modules which are free of finite
type over R4 and which deform D). We have an obvious morphism Xp — X D[] of

groupoids over Cy.

We first assume that W (D) is an almost de Rham BJg-representation of G By (i)
of Lemma 3.3.5 we also have a morphism Xp — X Wi (D) of groupoids over Cy, and the

diagram:

_

Xpp) — Xwun(p[1))

is commutative. We thus have a morphism Xp — Xpi1xx X W (D) of groupoids

WdR(D[%])
over Cy,.
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Proposition 3.5.1. The morphism Xp — XD[%} X x XW;R(D) is an equivalence.

WdR(D[%])
Proof. This is essentially a consequence of Berger’s equivalence between (¢, I' i )-modules
over Ry and B-pairs ([6, Th.2.2.7]), once one knows that for A in Cj, there is a natural
equivalence of categories (which preserves the rank) between ®I'4 i and the category of
A ®q, Be-representations of Gx where B, := B?Z! ie. free A ®q, Be-modules of finite

cris

type with a continuous semi-linear action of Gg.

First let M be a (¢, ' )-module over R[] and set W (M) := W, (D) for any (¢, T'k)-
submodule D C M such that M = D[7] where W,(D) is the B.-representation of Gx
constructed in [6, Prop.2.2.6(1)], which does not depend on the choice of D inside M.
This defines a functor from ®I'x to B.-representations of G which preserves the rank.
To prove that this functor is an equivalence of categories, we construct a quasi-inverse
using [6]. If W, is a B.-representation of G, take any G-stable Biz-lattice Wy inside
War := Bar ®, W. and let W be the B-pair (W,, Wiz). Let D(W) be the (p,T'x)-
modules over Ry canonically associated to the B-pair W constructed in [6, §2.2]. It
follows from the construction in loc.cit. that M(W,) := D(W)[}] does not depend on
the choice of the lattice Wi inside Wygr and that M — W.(M) and W, —s M(W,)

are quasi-inverse functors.

Now it has to be checked that M is free over R 4 k[1] if and only if W, (M) is free over
A ®q, Be. But by an argument analogous to the one in the proof of Lemma 3.1.4 using
the exactness of the functors M +— W,(M) and W, — M(W,) (which itself easily
follows from the exactness of the functors D and W of [6, §2.2], see [52, Th.1.36]) and
the fact that they commute to direct sums, one is reduced to the case A = L which is in
(52, Th.1.36].

Finally it remains to be checked that if D is (¢, 'k )-module with a morphism A —
EndQF;(D) and that W,.(D[}]) is a finite free A ®q, Be-module and W, (D) is a finite

t

free A ®q, Biz-module (necessarily of same rank), then D is a finite free R 4 g-module.
As usual, using the exactness of the functor D — (W,(D), Wiz(D)) we show that D
is a flat A-module and D/myD is a finite free R g-module. Choose an isomorphism

P — D/myD and lift it to a morphism of R4 g-modules RY - — D. The result
follows from the two following facts: R4 k is a flat A-module (it is a free A-module since
Rax = A®q, Rk) and a map between two flat A-modules which is an isomorphism
modulo my is an isomorphism (A is artinian so there exists m > 0 such that m’} = 0, if
f: My — M, is such a morphism, its kernel and cokernel are A-modules N such that
N =myN =m}N). O

Remark 3.5.2. By the argument at the end of the previous proof, one also sees that a
(¢, 'k )-module D with an action of A is free over R if and only if D[] is free over
Raxly) and Wi (D) is free over A ®g, Blz. Now if M € ®T'4 i is such that Wyg(M)
is almost de Rham, it follows from Remark 3.1.3 that Wyr(M) contains an invariant
lattice Wz which is free over A®q, Biy. The image of the B-pair (W.(M), W) by the
functor D of [6, §2.2] is then a free R4 k-lattice of M. In particular we deduce that any
such M possesses a free R 4 g-lattice stable by ¢ and I'k.

We now assume that D is trianguline of rank n > 1 (but don’t assume anything on
Wik (D) for the moment), see [16, §2.2] and references therein for the definition (due

to Colmez) of trianguline (p,I'x)-modules over Ry k. We let M := D[7], M, =

.....
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CL (Cf §33)
Xpme = XD Xx 0 XM M-

We assume moreover from now on that M, possesses a locally algebraic parameter.
We let WT = Wik(D), W = Wgr(M) = Bar ®BZ{R W+ and Fo = (F)ic(1,..n} =
(War(M,))icqa,..ny- Then W (resp. W¥) is an almost de Rham Bgg-representation
(resp. Bjg-representation) of Gr, see the end of §3.3. Finally we fix an isomorphism
a: (L ®g, K)" — Dpar(W). Recall we defined the following monoids over C;, (and
many morphisms between them): Xy, Xy, Xw.r, X%f. = Xwr Xx, Xjy in §3.1,
Xw+, Xll/][/+ = Xw+ X Xw X%l/ in §32, X/%l = XM X X X‘%, XE/(,M. = XM,M. X Xw X%J/
in §3.3 and we have Xp = X X x,, Xw+ by Proposition 3.5.1 just above. We now use
them to define the following fiber products of groupoids over Cy:

0. O O . o _ O
XD -—XD XXWXW XD,M. = XD,,/\/[. XXDXD _XD,M. XXWXW
R O - o _ O
XWJr’]:. = Xw+ X Xw XWJ:. XW+,]—'. = XW“r’]:. X Xw XW = XWJr X X XW,]-'.'

There are many natural (and more or less obvious) morphisms between all these groupoids
over Cr, that we don’t list. We recall that, in Xp »q, and XSM. (resp. X+ and
XVDV+7 7.), we do not deform a triangulation on D (resp. a filtration on W), but rather
the triangulation M, (resp. the filtration F,) on M = D[{] (resp. on W = WT[]).

We assume from now on that M, moreover admits a parameter in 7;"(L).

Lemma 3.5.3. (i) The morphism Xy — Xw of groupoids over Cp is relatively re-
presentable.
(ii) The morphism Xy m, — Xw.r of groupoids over Cy, is relatively representable.

Proof. We prove (i). We will use the equivalence between ®I'y x and the category of
A ®q, Be-representations of G in the proof of Proposition 3.5.1. Let W, := W.(M) be
the L ®q, Be-representation of Gy associated to M so that W ~ Byr ®p, We. Fix 1y :=
(A, Wa,t4) an object of Xy and denote by 74 the groupoid over Cy, it represents. Then
for each A-algebra A" in Cy,, the groupoid (74 X x,,, Xa1)(A’) is equivalent to the category of
(We,ar, jar, ar) where W 4 is an A'®gq, Be-representation of G, jar : We a4 @ L — W,
and Y4 : Bar ®p, Wear — Wi @4 A’ is a compatible isomorphism with the reduction
maps 1 ® ja and 14 ® 1 to Bqr ®p, W, (we leave the morphisms to the reader). It is
equivalent to the category of free A’ ®q, Be-submodules W, 4o C W4 ®4 A’ stable under
Gk such that Bggr ®@p, We ar — W4 @4 A" and such that 14 ® 1 induces an isomorphism
Wear @ar L ~— W,. On this description we see that all automorphisms in the category
Na Xxy Xm are trivial, hence a4 Xx,, Xpm — |4 Xxy Xam]. But one can easily
check (on that description again) that the functor |74 X x,,, Xm| from Cp, to sets satisfies
Schlessinger’s criterion for representability ([56, Th.2.11], for the finite dimensionality of
the tangent space in [oc. cit., use the above equivalence with ®I' 4  for A" = L[e| together
with a dévissage and the finite dimensionality of H., . (Ry x(6)[7]) for 6 € To(L), see

PVK
Lemma 3.4.1 and its proof). Hence 74 X x,, X is representable. The proof of (ii) is
analogous by replacing everywhere modules by flags of modules. U

Corollary 3.5.4. The morphisms of groupoids XE/LM. — XvDV,f.; Xpme — Xw+ 7,
and X%M. — XVDVJrJ. are relatively representable.

Proof. The first one follows by base change from (ii) of Lemma 3.5.3. We have Xp y, =
Xp Xx Xmme = X+ Xxy Xmom, by Proposition 3.5.1, and the morphism induced
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by base change from X m, — Xw.r.:
Xpme = X+ Xxy Xmme — X+ Xxyy Xwir, = Xwe+ 7,

is relatively representable by (ii) of Lemma 3.5.3. The O-version follows by base change
(—) X Xw X%l/ O

We now moreover fix § = (6;)icq1,...ny € Tg"(L) an arbitrary parameter of M,.

.....

Lemma 3.5.5. The morphism of formal schemes wt —wt(d) : ’T” — tin (3.16) is
formally smooth of relative dimension n.

Proof. The morphism of schemes wt : 7/* — t is easily checked to be smooth of relative
dimension n, and thus so is the morphism wt—wt(d) : 7/ — t. Thus the induced

morphism of formal schemes 7;" — t is formally smooth of relative dimension n. U

Corollary 3.5.6. The morphisms Xy m, — Xw.r., XEA’M. — XVDK;., Xpm, —
Xw+ r, and Xg}M. — XVDWI. of groupoids over Cr, are formally smooth.

Proof. The morphisms 7’5? X+ Xw,r, — Xw,r, and 7’5? X2 Xw+ r, — Xw+ 7, are formally
smooth by base change from Lemma 3.5.5. The first statement follows then from Theorem
3.4.4 by composition of formally smooth morphisms. We have Xp rq, = X+ Xx,
X m, M., hence by base change from Theorem 3.4.4 the morphism:

Xpme — (Xw+ Xxy Xwr) X3 T50 = Xws 7o X7 T3

is formally smooth. The third statement follows again by composition of formally smooth
morphisms. The proof of the [-versions follows by base change. U

Proposition 3.5.7. The groupoid XE/(,M. over Cr, is pro-representable. The functor
|XEA’M.| is pro-representable by a formally smooth noetherian complete local ring of

residue field L and dimension [K : Q,)(n* + n(”+1)).

Proof. As XVDV, 7. is pro-representable (Corollary 3.1.9), then so is X/%L m. by Corollary
3.5.4, and thus also | X v, |- As XF v, — Xy 5, is formally smooth (Corollary 3.5.6),
then so is [ Xy v.| — | Xzl As [Xjy 5| is pro-representable by a formally smooth
local ring (Corollary 3.1.9), the same is thus true for [ X |-

Using formal smoothness, for the last statement it is enough to compute the dimension
of the L-vector space | X7 1, |(L[e]). This can be done using an other pro-representable
groupoid X3¢ .4, as follows. For 1 <4 < nlet 3; : Ry k(0;)[1] — M;i/M;_; be a fixed
isomorphism in ®I'y, x and set 3 := (f;)1<i<n- Let X35 v, be the following groupoid over
Cr (of “rigidified deformations” of (M, M,,3)). If A is an object of Cp, XT x4, (A) is
the category of (Ma, M., ta, Ba) where (Mg, M., t4) is an object of X, (A) and
Ba = (Bayi)i<i<n is a collection of isomorphisms (4 : ’RA,K((SA,Z-)[%] = Mai/ My
in T4 x where (041,...,04,) is the character ws(Ma, Mae,ta) € ﬁ(A) (see §3.3,
morphisms of X3\ (A) are left to the reader). There is a natural forgetful morphism
X¥m, — X, of groupoids over C, which is easily checked to be formally smooth.
Moreover all automorphisms in the category X3{ 4, (A) are trivial and thus X}, =
| X3 aq. |- Moreover, by an argument similar to the one for (¢, 'k )-modules over R AK ¢ in

the proof of [21, Th.3.3] | X34 m.| s pro-representable by a formally smooth noetherian
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complete local ring of residue field L and dimension n + [K : Qp]@. Finally consider
the (cartesian) commutative diagram of groupoids over Cy:

ver Od O
XMMe XXptnmte XMme — XM

| |

ver
XM,M, XM,M.-

ver

Since X7 4, is pro-representable, it is easy to check that X3\ X x . XEA’ M, 1s also
pro-representable (by adding formal variables corresponding to the framing) and that the
left vertical arrow is formally smooth of relative dimension n?[K : Q,]. The top horizontal
arrow is formally smooth of relative dimension n by base change. Set:

d:= dlmL |XXZrM. X X pm Me X/?A,M.l(L[EDa

we thus have d = n?[K : Q] +n+[K @p]" () — p+dimy | X% [(L[e]) which implies
dimy, | X5y p,|(L[e]) = [K 2 Qp(n? + "), O

Now we let Do = (Dz>1€{1 n} ‘— (Dde(‘E»ie{l n} — (Dde(WdR(Mz)))'LE{l

...............

is a complete flag of Dyar(W). We assume moreover from now on that W+ is regular
(Definition 3.2.4). Recall then that we defined in (3.9) another complete flag:

Fily+ o = (Filw+ ;(Dpar (W)))icqa,...n}

of Dpar(W) deduced from the filtration determined by the Bjz-lattice W* of W in
Proposition 3.2.1. Recall also that we fixed an isomorphism « : (L®Qp K)" = Dyar(W).

We let = be the closed point of the L-scheme X = g X, g of (2.3) corresponding to the
triple (a'(D.,), @ }(Filyy+ o), Nw) (with the notation of §3.1).

Corollary 3.5.8. (i) The groupoid X",jw’f. over Cr, is pro-representable. The functor
|X‘,DV+7I.| is pro-represented by the formal scheme X,.

(ii) The groupoid Xp 4, over Cp is pro-representable. The functor |Xp v | is pro-
represented by a formal scheme which is formally smooth of relative dimension [K :
Q)" ger X,

Proof. We prove (i). The second statement in (i) implies the first since in fact there is an
isomorphism Xy, - — |Xjy 7| as all automorphisms of an object of Xy, 7 (A) are
trivial (see the discussion concerning Xj; in §3.1). We have XVDW, £ =Xyr X ple=] X+
and the statement is proven as for Corollary 3.1.9 and Theorem 3.2.5. We prove (ii). As
X",]Wf. is pro-representable by (i), then so is ng m, by Corollary 3.5.4, and thus also
| X .- As the morphism Xp \ — Xpy 7, is formally smooth by Corollary 3.5.6,
then so is the morphism |Xp | — X+ | The relative dimension of X \,, —
XVDWJ_-. is the same as that of X \,, — Xy 7 (since it is obtained by base change

from it, see the proof of Corollary 3.5.4), which is [K Qp]” (t1) by Corollary 3.1.9 and
Proposition 3.5.7. Whence the result by the last statement in ( ). O

We denote by S ~ SU@l the Weyl group of G (the notation W of §2.1 could now
induce some confusion with the representations W and W of §3.1 and §3.2). For w € S

define X, C X as in §2.2 and recall that )A(w@ is the completion of X, at the closed
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point z = (a1 (D,), o (Fily+ 4), Nw) € X (L) (50 Xy is empty if 2 ¢ X,,(L) € X(L)).
Define the following groupoid over Cy:

(3.25) Xt v =Xy 5 Xix0, | X

Since we have an equivalence Xy, » — [Xj 7 | (see the proof of (i) of Corollary

3.5.8), it follows that we also have an equivalence X; Wt F, |XVDV’1”7 £, | of groupoids over
Cr. Hence we deduce the following corollary from (i) of Corollary 3.5.8.

Corollary 3.5.9. For w € S the groupoid XVDV’TF. over Cr, is pro-representable. The

functor ]XS,’?]_-.] 1s pro-represented by the formal scheme X\w,x.

We define the groupoid Xy, », over Cp, as the subgroupoid of Xy+ 7, which is the image
of X‘l,jvfff by the forgetful morphism XWJr 7. — Xw+ 7. So the objects of Xjj, » are
those (A, W}, Fa.,ta) such that there exists ay : (A®qg, K)® — Dyar(W4[7]) making
(A, W5, Fae ta,aa) an object of XWJ”T (A) and the morphisms (A, W1, Fae,t4) —
(A Wi, Fareytar) are (A — A, WE®4 A S W) where the isomorphism is compatible
with everything. Using the G-equivariance of X,,, we can easily check that it doesn’t
depend on the framing « and there is an equivalence of groupoids over Cy:

(3.26) Xt 7 == Xipr 7 XX, Xt 7,
For w € S, we then define:
XDM. XD M. XXEI XW+J_— and XDM — XD M. XXW+,.F. X"L/%)/J,_’f..

W+, Fe

Proposition 3.5.10. The morphisms of groupoids Xy, r, — Xw+ 7, XVDV’TF. —

XW+ 7o Xbme — Xpm, and XSM — XDM are relatively representable and are
closed immersions.

Proof. The [-versions follow by base change from the others, and the third morphism is
obtained by base change from the first. Hence it is enough to check the first. Let n4 :=
(A, W3, Fa,ta) an object of Xy+ 7, and 774 the groupoid over C, that 14 represents. We
have to prove that X},"Wf' XXyt 5 74 is representable and that X&U/tf. XXyt 5 Na —> Na
is a closed immersion.

Choose an object £4 = (A, W1, Fw,ta,aa) in Xjj4 - mapping to 14 and let €4 be
the groupoid over Cp that it represents It is easy to check that forgetting the framing

actually yields an equlvalence 5 4 — T4 of groupoids over Cy. By (3.26), we have that
XS/:'U}'. XXEV+ §A is isomorphic to X £, XXyt r £q ~ X+ 7. XXys 5, Tla. Hence
X‘zz[u/+7}_. XXyt 74

then follows from (3.25). O

N4 — N4 is isomorphic to XWJr Fo Xx0 EA — EA, and everything
WT ., Fe

Let S(z) = {w € S,z € Xu(L)} = {w € 8§, Xpp # 0} = {w € S, XYy 5, # 0} =
{w € S, XP . # 0}.

Corollary 3.5.11. If w € S(x), the functor Xg’j’(/l is pro-representable by a noetherian
complete local normal domain of residue field L and dimension [K : Q,)(n* + ”(”H))

which is formally smooth (as a formal scheme) over Xw@.
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Proof. The pro-representability of X ‘v, follows from Proposition 3.5.10 and (ii) of Corol-
lary 3.5. 8 It follows by base change from Corollary 3.5.6 and from (ii) of Corollary 3.5.8
that X’ Dim, — XW+ 7, is formally smooth of relative dimension [K Qp]n () whence

the dimension since |XW+’R| ~ X\ww has dimension [K : Q,]n?. Recall that the local
rings of an algebraic variety are excellent and that the completion of a normal excellent
local domain is also a normal local domain ([37, Sch.7.8.3(v)] and [37, Sch.7.8.3(vii)]). In
particular, it follows from Theorem 2.3.6 that the local ring O X... underlying the formal
scheme X\U,’x is a complete local normal domain. So is any local ring which is formally
smooth over @le 4

Recall from Lemma 2.5.1 that the irreducible components of T = t x/s t are the T,
{(z,Ad(w™)z2), z € t} for w € S. The map (1, ky) induces a morphism X, — T(o 0)
(resp. X\w@ — Tw7( 0,0)) Where T(O,O) (resp. Tw,(O,O)) is the completion of T" (resp. T,,) at
the point (0,0). Denote by © the composition:

Xpate = Xive 7. == 1Xibs 2] =2 Xo — Toa o) = T(00)-
The same argument as in §3.1 and §3.2 for the morphisms sk r, and Ky + shows that the
morphism © factors through a morphism still denoted © : Xp »q, — f(op) of groupoids
over C;, which doesn’t depend on any framing.
Corollary 3.5.12. Let w € S(x) and w' € S, then the morphisms XDM — Xp . —
f(o,o) and XP5 vy, = Xpm, — T(o,o of groupoids over Cr, induced by © factor through
the embedding fw’,(0,0) — f(o,o) if and only if w' = w.

Proof. Since © factors through Xp a4, , by the commutative diagram:

O,w O 5
XD,M. - XD,M. > T(O,O)

.

Xpme—= Xpm, —> f(0,0)

we see that it is enough to prove the first statement. By Corollary 3.5.11 and the definition
of O, it is enough to prove the same statement for X, 2 and To (0,0), i-e. the composition of

the morphisms Xw z X — To 0) factors through T (0,0 if and only if v’ = w. This
is Lemma 2.5.2. ]

3.6. The case of Galois representations. We reconsider some of the previous groupoids
over C;, when the (¢, 'k )-module comes from a representation of Gx and define a few
others.

Let 7 : Gk — GL,(L) be a continuous morphism (where L is a finite extension that
splits K') and let V' be the associated representation of Gx (there should be no confusion
between this V' and a generic object of Repg, (Gx) which was denoted by V in §3.1).
Let X, be the groupoid over C; of deformations of r and Xy the groupoid over C; of
deformations of V. So the objects of X, are the (A,r4 : Gx — GL,(A)) such that
composing with GL,(A) - GL,(L) gives r and the objects of Xy are the (A, Va,ja)
where V, is a free A-module of finite rank with a continuous A-linear action of Gy and
ja a Gg-invariant isomorphism V4 ® 4 L —— V. There is a natural morphism:

Xr — XV
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which is easily checked to be relatively representable, formally smooth of relative dimen-
sion n?. We let D := D,;(V) be the (étale) (o, I'x)-module over Ry j associated to V
and we set M := D[1]. By the argument of [1, Prop.2.3.13] the functor D, induces an

equivalence Xy — Xp.

Now we assume that V' is a trianguline representation and fix a triangulation M, of
M as in §3.5. We define the following groupoids over Cr: Xy, := Xv Xx, Xp.m, and
Xome = Xp Xxy Xvme =2 Xy Xxp Xpme ~ Xy Xx, Xmom.. The natural morphism of
groupoids over Cy:

(3.27) Xr Mo — Xvm,
is formally smooth of relative dimension n? by base change.

We assume moreover from now on that M, admits a locally algebraic parameter in
75*(L) and we define Wt := Wi, (D) and W := W*[1] (in particular W is almost de
Rham). Note that W' = Bj; ®q, V and W = Bgr ®q, V. We also define F, and
D, as in §3.5. We fix a framing o : (L ®q, K)" — Dyar(W) as in §3.5. We define
XE = XV XXp Xg = Xg, XrD = Xr XXy X“;, X%M. = XV,./\/I. XXy XE and XEM. =
X, m. Xx, X2, By base change X2 — X7/ is formally smooth of relative dimension n?.
Since X5 — Xp is formally smooth of relative dimension [K : Q,]n? (by base change
from X}, — Xy ), the same is true (by base change again) for X7} — Xy and X7 —
X,. Note that X5, and hence X{/, are pro-representable (use X5 ~ X X x,, X%H by
Proposition 3.5.1, and then Theorem 3.2.5 with (i) of Lemma 3.5.3).

Remark 3.6.1. Recall that the framing (J in X3} is not directly on the Galois deformation
V4, as is usual to do (e.g. in [49] or [17]) but only on Dpar(Bar ®q, Va). The groupoid
over Cy, of usual framed deformations of V' is precisely X,, which is pro-representable by
the same argument as in [49, §8.1].

We assume moreover from now on that the almost de Rham L ®q, Bjx-representation
W is regular (Definition 3.2.4) and define Fily+ , and 2 = (o™ (D, ), a ' (Fily+ . ), Nw) €
X(L) as in §3.5. We finally also define the following groupoids over Cr: Xy, =
Xy Xxp XP oy, (forw € S), X2y = X, Xx,, X{7y, and their O-versions. We have a
cartesian commutative diagram of groupoids over Cy:

|
Xr,./\/l. r,Me

(3.28) i l

O
Xvm, — Xvm,

where the vertical maps are formally smooth of relative dimension n? (by base change)
and the horizontal maps are formally smooth of relative dimension [K : Q,]n? (base
change again). We also have the w-analogue of (3.28) with the same properties. More-
over, because of the framing on r, all automorphisms in the categories X,.(A4), X, m. (4),
XO(A), XD (A), X0 (A) and X, 34, (A) are trivial, hence all these groupoids over Cy,
are equivalent to their associated functor of isomorphism classes | |. We will tacitly use
this in the sequel.

Theorem 3.6.2. (i) The functor | X, m,| is pro-representable by a reduced equidimen-
sional local complete noetherian ring R, ., of residue field L and dimension n?® + [K :

n(n+1
@p] (2+)_
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(ii) For each w € S(x), the functor | X"y, | is pro-representable by R\, = Ry m,/Pw
where p,, is a minimal prime ideal of R, p, and Ry pq, /P s a normal local ring. More-
over the map w —— p,, is a bijection between S(x) and the set of minimal prime ideals
Of R?"Mo'

(iii) The morphism |X M | — |XVM.| — [ Xvm.| = [ Xp .| 2, Too of groupoids
over Cy, factors through T ,0,0) = TO (0,0) if and only if W' = w.

Proof. By base change from Proposition 3.4.6 the morphism Xp, — Xp is rela-
tively representable, hence also Xy rq, — Xy, and by base change also X, v, — X.
Since X, is pro-representable (see Remark 3.6.1), then X, x4, and thus |X, a4, |, are
pro-representable. By Proposition 3.5.10 the morphism X7 . — Xp u, is relatively
representable and a closed immersion, hence also X7, — Xy, x, and by base change
also X%y, — Xy m,. Since X, v, is pro-representable, we deduce that X%, is pro-
representable by a complete local ring which is a quotient of the one representing X, 4, .
Moreover it follows from their definition that the local complete ring representing the func-
tor | Xy, | is a formal power series ring over the one representing the functor | X, v, |, and

likewise with |XE .| and [ XYy, | by base change using (3.26). The remaining assertion
n (i) follows from this, the formal smoothness of X\, — Xy, (ii) of Corollary 3.5.8

and the properties of X, (see e.g. the proof of Lemma 2.5.2). Likewise (ii) follows from
this, the formal smoothness of XE M, — XE”J\”,I., Corollary 3.5.11 and the properties of

X (see the proof of Corollary 3.5.11). Finally we prove (iii). Since © : Xp rq, — f’(op)
factors through |Xp a4, ], it is enough to prove the same statement without the | |. This
follows from Corollary 3.5.12 and the formal smoothness of X%y, — X{/,,, . U

For w € S recall that T, » = X0 (L[¢]) is the tangent space of X,, at the point z.

Corollary 3.6.3. For w € S(x) we have:
n(n + 1)

dimy X\, (L[e]) = n® — [K : Q)n* + [K : Q)] ——— + dim T, ..

Proof. The morphism Xg’lj\’,l — XVDV’E_” F. X, .« 1s formally smooth of relative dimen-

sion [K (@p] "+1 ) by base change from the morphism XU D, — X+ 7, and Corollary
3.5.8. Hence dlmL Xyl (L) = [K L Q)M 4 dimy, T, . Since dimy, X (Lle]) =
dimy, XSﬂ.(L[E]) — [K : Qpn? = n* + dimy, XEM_(L[e]) [K : Qp]n? by the w-analogue
of (3.28), we obtain the result. O

(&7

We let w, € S measuring the relative position of the two flags of (L®q, K)" ~ Dyar (W)
given by a~!(D,) and by o !(Fily+,.). More precisely w, is the unique permutation in
S such that the pair of flags (a™(D,),a ! (Fily+,)) on (L ®g, K)" is in the G-orbit of
(1,w,) in G/B x; G/B. It doesn’t depend on the choice of a.

Proposition 3.6.4. If w € S(z), or equivalently X%, # 0, then w, = w.

Proof. By definition of w,, we have x € V,,_ (see the beginning of §2.2 for V,, ), hence
x € X,y NV, by definition of S(z). The result then follows from Lemma 2.2.4 (and from

the w-analogue of (3.28) for the equivalence w € S(z) < X"y, # 0). O
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3.7. The trianguline variety is locally irreducible. We describe the completed local
rings of the trianguline variety X,;(T) at certain points of integral weights in terms of
some of the previous formal schemes and derive important consequences on the local
geometry of X,;(7) at these points.

We keep the previous notation. We denote by 7T, C 7T, the Zariski-open complement
of the L-valued points 2%, &(2)z" with k = (k;), € Z%;, and Tz, for the Zariski-open
subset of characters § = (dy,...,0d,) such that 0;/0; € Tieq for i # j. Note that 7" & 7.

We fix a continuous representation 7 : G — GL,(kz) and let Ry be the usual framed
local deformation ring of 7, that is, the framing is on the Gx-deformation. This ring was
denoted RY in [16, §3.2] and [17, §3.2], however we now drop the [J in order to avoid any
confusion with the other kind of framing used here and already denoted [J (see Remark
3.6.1). It is a local complete noetherian O -algebra of residue field k;, and we denote by
X7 := (Spf R-)"8 the rigid analytic space over L associated to the formal scheme Spf R;.
Recall that X;(7) (denoted Xi\(F) in loc.cit.) is by definition the rigid analytic space

tri
over L which is the Zariski-closure in X x 7;* of:

(3.29) Uyi(F) := {points (r,9) in X7 x T

w0z Such that 7 is trianguline of parameter d}.

(we refer to [16, §2.2] for more details, note that being of parameter 0 is here a different

(though related) notion than the one in Definition 3.3.8). The rigid space Xi,;(7) is
reduced equidimensional of dimension n?+[K : Q] ”("2+1) and its subset Uy (T) C X1y (T) is
Zariski-open, see [16, Th.2.6]. As in [16, §2.2] we denote by w’ the composition X (7) <

X7 X T/* — T/ (the letter w being reserved for the weight map).

-----

Proposition 3.7.1. Assume that § € 7", then the (¢,T'k)-module M over Ry, k(3] has
a unique triangulation of parameter 0.

Proof. 1t is sufficient to prove that the (¢, 'k )-module Dy, (V') has a unique triangulation
is exactly the contents of [45, Th.6.3.i§j. The unicity follows from the discussion just
before [45, Def.6.3.2] and from the Galois cohomology computations of [45, Prop.6.2.8]
(using the hypothesis d € 7). These results can also be deduced from [51] or [1], see
e.g. the proof of Proposition 3.4.6. U

From now we assume that § € 7" and we write M, for the triangulation given by
Proposition 3.7.1. Denote by r» € X7 the closed point corresponding to the morphism
r: Gx — GL,(L). By [49, Lem.2.3.3 & Prop.2.3.5] there is a canonical isomorphism
of formal schemes between X, and .’%\m. Namely if A is in Cp, a map Sp A — fﬁr is a
morphism Spec A — Spec RF[I%] sending the only point of Spec A to r, i.e. a continuous
morphism Gx — GL, (A) such that the composition with GL,,(A) — GL,(L) is r, i.e. an
element of X, (A). We thus deduce a morphism of formal schemes:

)(/m(\F)$ — fﬁr ~ X,.

Recall that X, yq, = X, is a closed immersion by base change from Proposition 3.4.6.

Proposition 3.7.2. The canonical morphism Xi(T), — X, factors through a mor-

phism Xi(T), — Xi .-
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Proof. Let U be an affinoid neighbourhood of x in X;(7). Let Dy be the universal
(¢, 'k)-module over U (coming from the universal representation Gx — GL,(R7) via
U — X7). Using [45, Cor.6.3.10], there exists a proper birational morphism of spaces
f: U — U, an increasing filtration (F3)ieqo,..ny of f*Dy by Rﬁ’K—submodules stable
under ¢ and I'g such that Fy = 0 and F,, = f*Dy, invertible sheaves (£;)ic(1 [
and injections:

F,/F;_y — RﬁyK((sﬁ’i) ®Oﬁ L;

for i € {1,...,n} (where the 65, : K* — (U, Og)* come from U—UC Xu(F) N
T/*) whose cokernels are killed by some power of ¢ and supported on a Zariski-closed
subset Z whose complement is Zariski-open and dense in U. Let us fix a point T over
x and V' an affinoid neighbourhood of Z in U over which all the sheaves L£; are trivial.
Then for i € {1,...,n} the Ry,k[7]-modules (F;[}]/Fi_1[1])|v are free of rank 1. Let A
be in C;, and Sp A — V' a morphism of rigid analytlc spaces sending the only point of
Sp A to Z. By pullback along SpA — U — X7, we obtain a deformation r4 in X, (A)
such that Dng(r A) A®F(V@V N f *Dy). Moreover it follows from what preceeds that

above (3. 15) for 5A) correspondmg to the map SpA -V =UC Xm( ) LN T” When
A =L, the trlangulatlon M, . coincides with M, by Proposition 3.7.1. The morphism
sending an element of Vz(A) to (r4, M, clearly defines a morphism Vs — X, v, of
groupoids over Cy, fitting into the commutative diagram of pro—representable groupoids
over Cr:

~

V X’I",M.

b

xHX

In this diagram the left vertical arrow is dominant, i.e. (since U, = Spf S for a reduced
ring S) the induced map on the corresponding complete local rings is injective, and the
right vertical arrow is a closed immersion. This implies that the lower horizontal arrow
must factor through X, rq, (as shown in the diagram). U

Proposition 3.7.3. The morphisms Xi(F), — Xy m, and Xui(F), — X, are closed
immersions of groupoids over Cr, (or of formal schemes since they are pro-representable).

Proof. Tt is enough to deal with the first morphism. It follows directly from the proof of
Proposition 3.7.2 that there is a commutative diagram:

—_—
Xui(T), — Xprm.

(3.30) x lwé

where w; stands for the composition X, vy, — Xy, ~ Xp e — Xamme Bac 7'5\”
(see (3.15)). From the closed immersion of rigid spaces X;(7) < X7 x1 7;* and using
3@\7 » >~ X, we deduce a closed immersion of formal schemes m)x — X, X Lﬁ. However
(3.30) together with Proposition 3.7.2 show that this closed immersion factors through:

—_— —_—
Xtri(T)x ? XT,M. } Xr X En
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where the right hand side is the morphism corresponding to the two morphisms X, rq, —

—

X, and ws. This implies that the map Xi,;(7), — X, a4, is itself a closed immersion. [

We keep our fixed point = (r,§) € Xi(7)(L) and assume from now on that ¢ is locally
algebraic. We define W' and W as in §3.6 and assume moreover that W+ is regular
(Definition 3.2.4). We write F, for the filtration on W deduced from the triangulation
M, and D, for the flag on D,qr(W) deduced from the filtration F,. We also write
hr1 < --+ < h;p, where the (h;;);ex € ZIE:Q] — [[K:Q] >~ [ ®q, K fori e {1,...,n}
are the Sen weights of r. It follows from [16, Prop.2.9] that {wt,(d;),7 € {1,...,n}} =
{h;;,i € {1,...,n}} for each 7 € ¥. This implies that, for each 7, there exists a
permutation w, € S, such that (Wt (0w, (1)), -, Wtr (0w, (n))) = (Ar1s- .. hrp) € Z. We
define w := (w;)rex € S.

L —— L — ~

We denote by ¢, the closed immersion X(7), <= X, m, and by 0, @ X4i(T), — T(0,0)
the morphism of formal schemes which is the composition:

= = La ~ [SIE~
Xi(T), = Xoomte — Xvome = Xp e — Ti0,0)-

Lemma 3.7.4. The morphism O, factors through ’_]A’w7(070) — r—f(o,o)-

Proof. Denote by ©, w7, the composition:

KW,Fe 7

Xei(F), < Xote — Xvme = Xpat, — Xwero — Xwr, —5 8
and by ©, + the composition:

Ryt ~

‘)(/U'I(\F)m <L—x> X,«,M. — XV,M. = XD,M. — XWJr’]-—. — XWJr — t,
then by definition of T,, one has to show O, y+ = Ad(w™1)oO, w7, (recall that the action
of Ad(w_l) on t gives Ad(w_1>((V1,T>T€Ea SRR (Vn,T)TGE) = ((wa(l)ﬂ')TEZ? s (wa(n),fr>‘r€2)
if w= (w;)rex).

—

Let A be an object of Cp, x4 : Spf A — X.yi(T), some A-point of X/m(\F)m and Vy
the associated representation of G via Xi(7), — X, — Xy. Let (W1, Fa.) be the

corresponding object of Xy+ 7, (A) (via the above morphism X(7), — Xw+ 7, ) and
set 04 = w'(z4) and ya = (Wa, Fae) € Xwr (A) where Wy := Wi[1] = Bar ®q,
V4. By Corollary 3.3.9, we have O, w r (24) = kw,r (ya) = wt(d,) — wt(d). Moreover
Opw+(xa) = kw+(WY) = kw+(Big ®q, Va) is the element (vayi,...,va,) of (A ®qg,
K)" where the element v4; = (Va,,); € A ®q, K = @rend is the action of vy, on
FilW;’i(Dde(WA))/ FilW;i_l(Dde(WA)) (see (3.9)). It follows from Lemma 3.7.5 below

that the polynomial:

n

[T(Y = ((hei + vain)res)) € A®g, K[Y]

i=1
is the Sen polynomial of V4, i.e. the characteristic polynomial of the Sen endomorphism
on the finite free A ®q, K -module:

Asen(C ®q, Va) = Asen (Wi /tW]) ~ Koo @k Dpur (W3 /tW )
(see the proof of Lemma 3.2.2 for Dygr). Then it follows from Lemma 3.7.6 below that
we have the following equality in A ®q, K[Y] ~ @res A[Y]:
[T (Y = ((5to(0)res + mwre(ya))) = TT (Y = ((hri)res + mw=(Wi)i).
i=1 i=1
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By Lemma 3.7.7 we conclude that there exists a unique element w' := (w),ex € S such
that

Ad(w' ™) (W (51))res + Bwr (Y1, - (W (50))res + Kz (Ya)n)
= ((hea)res + mw+ (W1, (hen)res + mws (W),

Using unicity and reduction modulo m,, we see that w’ = w, which implies:

Ad(’wil) <@I7W7-7:- (.Z’A)) = ®:1:,W+ (.TJA)
U

If Aisin C, and W is an almost de Rham A ®q, Bjg-representation of Gx and
Wy := WJ[3], recall from §3.2 (see especially the proof of Lemma 3.2.2) that there is a
functorial isomorphism in the category Rep 44 o x(G,):

(3.31) Dypur(Wi /tW1) ~ @D griue  (Dpar(Wa)).

1€Z Wa
where gré.. . (Dpar(Wa)) = Fil;vX(Dde(WA)) / Filimti (Dpar(W4)) and the action of G,
WA A
on griFﬂ;VJr (Dpar(Wa)) comes from the A®gq, K-linear nilpotent operator gr’ (v, ) induced
A

by vw, (the equivariance for this G,-action is not explicitly mentioned in loc.cit. but is
straightforward to check). The following lemma follows from (3.31) and the material in
32, §§2.2,2.3].

Lemma 3.7.5. Let W} be an almost de Rham A ®q, Big-representation of Gx. Then
the Sen polynomial of W1 /tW3 in A®q, K[Y] is equal to the product for i € Z of the
characteristic polynomials of the endomorphisms —ild + gr'(vw,) of the free A ®q, K-
modules gr%ﬂ;V+ (Dpar(Wa)).

A
Lemma 3.7.6. With the notation in the proof of Lemma 3.7.4, the Sen polynomial of
Va is equal to TTI_ (Y — wt(64,)) € A®q, K[Y].

Proof. Using compatibility of the Sen polynomial with base change (see [22, Ex.4.8)), it
is sufficient to prove that the Sen polynomial of the universal Galois representation on
Xui(7) (corresponding to X (T) — X5) is equal to [T, (Y —wt(6;)) € (I'(Xwi(T), Oxoim)®q,
K)[Y] withd = (01, ... ,0,) the universal character on X;(7) corresponding to X (7) —>
T/. Tt is sufficient to check that the coefficients of both polynomial coincide on a

dense subset of points of Xy,;i(7) and it is a consequence of [16, Prop.2.9] (see also [45,

Lem.6.2.12]). O
Lemma 3.7.7. Let (ay,...,a,) and (by, ..., b,) be in A". Assume that all the a; modulo
my are pairwise distinct. If we have [T} (Y —a;) =17 (Y = b;) in A[Y], there exists a
permutation w € S, such that:

(3.32) (bl, Ce ,bn) = (aw(l), Ce ,aw(n)).

Proof. Reducing modulo m4 and using the fact that L[Y] is a factorial ring, we can choose

w such that (3.32) holds modulo my, and replacing (ay, ..., a,) by (@w@); - - Gww)), We

can assume w = 1. Thus we have a; = b; modulo my for all ¢ and we must prove

a; = b; for all i. Let j # i. As A is a local ring and a; — a; ¢ my, b — a; ¢ my,

we have [];.;(a; —a;) € A* and [];.(a; — b;) € A*. Replacing Y by a;, we obtain

0 = (a; — b;) [1j4(a; — b;) and finally a; = b;. O
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Corollary 3.7.8. The closed immersion i, : Xi(T), — X»m, induces an isomorphism

—

Xtri(?)m ;> TQ‘I,JM. :

Proof. By (i) of Theorem 3.6.2 we have X, py, — |X,m.| > Spf R, m, and we deduce
from Proposition 3.7.3 a closed immersion of affine schemes:

Spec @Xm(;),m — Spec R, um, -

Moreover we know from [16, §2.2] and (i) of Theorem 3.6.2 that (’A)Xm@,x is reduced
equidimensional of the same dimension as R, a4, , so that Spec(@Xtri@,x) is a union of
irreducible components Spec R%\/{. of Spec R, p, for some w' € S (we use the notation
of (ii) of Theorem 3.6.2). Pick up such a w’ € S, going back to formal schemes and using
(ii) of Theorem 3.6.2 we deduce a closed immersion X;”//Vl — X/m(\?)x which, composed

~

with the morphism ©,, gives X,E”//\A — T w,(0,0) = (0,0, where we have used Lemma
3.7.4. But (iii) of Theorem 3.6.2 then implies w’ = w, which finishes the proof. O

Remark 3.7.9. We recall our assumptions on the point = = (r,d) = (1, (01,...,0,)) €
Xui(F)(L): 4 is locally algebraic, 6;6;" and £6;6; ' are not algebraic for i # j and the
7-Sen weights of the G -representation V' associated to r are distinct for each 7 € . In
particular it follows from Remark 4.2.2 below that these assumptions are always satisfied
when V' is crystalline with distinct Hodge-Tate weights for each embedding 7 and the
eigenvalues (1, ..., @,) € L™ of pl%0@l on D (V) (where ¢ is the crystalline Frobenius
on Des(V)) are such that ;7" ¢ {1, 0!} for i # ;.

Let x = (r,9) as in Remark 3.7.9. Keeping all the previous notation, the following
big commutative diagram of formal schemes over L, or alternatively of pro-representable
groupoids over Cy, contains most of what has been done in §3:

(3.33)
X/-(\*) ~ w O,w xDw ~ O,w xDw ~. X
i\l )y = A My ST A My T T AVUMe T T AD M, T T AW F, T Swpar
') ') N ')

X X YO ~, xO X0 ~ X
M rM. V.M, DM, W+, Fe TpdR
M N M

X, XU X7

where zp4r == (@™ H(D,),a (Fily+ 4), Nw) € X,,(L) (depending on the choice of an iso-
morphism « : (L ®g, K)" — Dpar(Bar ®g, V')) and where all the horizontal morphisms
which are not isomorphisms are formally smooth, all vertical morphisms are closed im-
mersions and all squares are cartesian. Moreover the three horizontal formally smooth
morphisms on the left just come from adding formal variables due to the framing [1.

From (ii) of Theorem 3.6.2, Proposition 2.3.3 and (3.33), we finally deduce the following
important corollary.

Corollary 3.7.10. Let x = (1,9) € X.i(F) satisfying the assumptions of Remark 3.7.9,
then the rigid analytic space Xi(T) is normal, hence irreducible, and Cohen-Macaulay at

x.
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4. LOCAL APPLICATIONS

We derive several local consequences of the results of §2 and §3: further properties of
Xii(7) around a point = as in Remark 3.7.9, existence of all local companion points when
r is crystalline and a combinatorial description in that case of the completed local ring
at = of the fiber of X;(7) over the weight map.

4.1. Further properties of the trianguline variety. We prove several new geometric
properties of Xy,;(7) around a point x satisfying the assumptions of Remark 3.7.9.

We keep the notation of §3.7. If x € Xi,;(F) satisfies the conditions of Remark 3.7.9,
recall we have associated to x two permutations in & ~ S,[LK ‘Ql: the permutation w,

defined just before Proposition 3.6.4 and the permutation w defined just before Lemma
3.7.4.

Recall also that the map w’ : X,i(F) — T/ is smooth on the Zariski-open Uy (T) ([16,
Th.2.6(iii)]) but can be ramified in general (as follows from [2, Th.B]). The following
proposition is one more property of the map w'.

Proposition 4.1.1. Let x = (r,0) € Xui(F) satisfying the assumptions of Remark 3.7.9,
then the morphism W' is flat in a neighbourhood of x.

Proof. Increasing L if necessary, we can assume x € X;(7)(L). We use the notation of
§3. By base change from Theorem 3.4.4 using Proposition 3.5.1, the morphism of formal

w

schemes Xg: M, — ﬁ X7 X%fﬁ is formally smooth, hence by Corollary 3.5.9 and
(3.28) so is X, ny, — T3 %2 Xwpan Where zpar = (a71(D,), o (Fily+ ), Nw) € X,o(L)
(depending on some choice of «). Since the morphism of schemes k1, : X,, — t is flat
by Proposition 2.3.3, it remains so after completion, and we deduce that the morphisms
of formal schemes 7’; X X\w,xp w 7’; and thus XE M, — 7’; are flat. Since this last
morphism factors through X, rq, (see the definition of ws just above (3.15)), we have a
commutative diagram of formal schemes (whose underlying topological spaces are just
one point):

w O,w

rMe S M,
Tn
s

and where the horizontal morphism is formally smooth (see the w-analogue of (3.28)).
Looking at the map induced by this horizontal morphism on the underlying complete
local rings, it is formally smooth, hence flat, hence faithfully flat (since it is a flat local

map between local rings). Together with the flatness of XE Y R ﬁ, it is then straight-

forward to check that the morphism of formal schemes X\, — 7‘; is also flat (use that
C®pM =0« M =0if B— C is a faithfully flat morphism of commutative rings). We

thus obtain that X/m(\F)z N 77 is flat by Corollary 3.7.8 and (3.30). Looking again at
the underlying complete local rings and using that completion of noetherian local rings
at their maximal ideal is a faithfully flat process, we deduce in the same way as above
that the morphism of local rings O7» 5 — Ox,, (7). is also flat, i.e. that the morphism
of rigid spaces w' : X,i(T) — T/ is flat at x, and hence in an affinoid neighbourhood of

x (flatness on rigid spaces being an open condition). O
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Remark 4.1.2. We see from (3.33) and the argument at the beginning of the proof of
Proposition 4.1.1 that we have:

— —

— O,w Tn
Xi(T), =— Xome — 7;"‘ X~ X,

t W, TpdR
j —~

O Tn oo
XT,M. E 3 Xﬂ?de
where the horizontal morphisms are formally smooth, the vertical ones are closed immer-
sions and the square is cartesian.

Recall that W is the rigid analytic space over Q, parametrizing continuous characters

of O. Let Wy, be its base change from Q, to L and let w : X4,(7) N T — W} where
the last morphism is restriction (of characters) to O. Note that, arguing as just after
(3.17), Proposition 4.1.1 implies that w is also flat in a neighbourhood of x. For A in
Cr, we say that &g : O — A* is algebraic if it is the restriction to O of an algebraic
character of K* (cf. §3.3). Recall the following definition from [17, Def.2.11].

Definition 4.1.3. Let x € Xu(F) such that w(x) is algebraic. We say that Xi:(T)
satisfies the accumulation property at x if, for any positive real number C' > 0, the set of
crystalline strictly dominant points ' = (1',¢") such that:

(i) the eigenvalues of @0l on D (1) are pairwise distinct;
(ii) 2’ is noncritical;
(iii) w(z) = (5’\(0;{)" = 0w with k ;—k, ;. , > C forie{1,...,n—1}, 7 € Hom(K, L);

accumulate at = in X;i(T) in the sense of [1, §3.3.1].

Proposition 4.1.4. Let x € Xy,(F) satisfying the assumptions of Remark 3.7.9 and such
that w(x) is algebraic, then X(F) satisfies the accumulation property at x.

Proof. It follows from the above flatness of w at z and [11, Cor.5.11] that there is an
affinoid neighbourhood U of z in X4,;(7) such that w(U) is open in W}. Since Uy (T) NU
is Zariski-open and dense in U, it accumulates in U at any point of U, in particular at x.
Arguing as in the first half of the proof of [17, Prop.2.12] replacing V' by Uy, (7), and using
that U is locally irreducible at x by Corollary 3.7.10 and the fact that the normal locus
of an excellent ring is Zariski-open, we can then assume that = is moreover in U,;(7) and
that U C Uy(7). Then the result follows from [17, Lem.2.10] using that the algebraic
points of w(U) satisfying the conditions of loc.cit. accumulate at w(x) since w(U) is open
in W¢. U

If w e S, let dy € Zso be the rank of the Z-submodule of X*(T") (here T is the
split torus of GG) generated by the w'(a) — a where a runs among the roots of G. Then
one easily checks that d, = dimp (L) — dimpy ¥ (L)) = n[K : Q,] — dimy, ¥ (L') for
any extension L' of L (see §2.5 for t*"). We have the following result which extends [17,
Th.1.3].

Proposition 4.1.5. Let z = (r,§) € X.(F) satisfying the assumptions of Remark 3.7.9

and such that r is de Rham.
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(i) We have dimy(z) T, (7),0 = dim Xi(7) — [K : Qpn® + dimye) T, apan - [0 particular
the rigid analytic space Xi(F) is smooth at x = (r,d) if and only if the scheme X, is
smooth at xpar = (@ (Ds), Y (Fily+ o), Nw) (which doesn’t depend on the choice of o
by G-equivariance of X, ).

(ii) We have:

dimy (o) T im0 < dim Xwi (7) = duw, -1 +1g(wowo) + dimya) Torg 2y 1) — 2 Qpln(n—1).

w

In particular if m(zpar) s a smooth point on U, and if dyy,—1 = lg(w) — lg(w,) then
Xi(T) is smooth at x.

Proof. Increasing L if necessary, we assume k(x) = L. (i) follows from Corollary 3.7.8

and Corollary 3.6.3 together with dim X;(7) = n* + [K : Q) "(”2+1) and dim X, = [K :
Q,n?. Since r is de Rham (which here is equivalent to r being crystabelline due to the
assumptions in Remark 3.7.9), the nilpotent endomorphism vy, of W is 0 and we can

apply (i) of Proposition 2.5.3 which gives here:
dimy, Tx,, e < dimy T 2+ 0K Qp) — dip, 1 + 1g(wywo).

This inequality plugged into the equality of (i) gives the inequality in (ii). The last
assertion in (ii) follows using dimU, = [K : Q] "(nz_l) + lg(w) and lg(w,wy) = [K :
@p]n(nzil) - lg(wx)- ]

Remark 4.1.6. (i) The assumption on 7m(z,qr) in (ii) of Proposition 4.1.5 is always
satisfied when w = wy (since in that case U,, = G/B X G/B is smooth), i.e. when z is
a strictly dominant point on Xi(7) in the sense of [17, §2.1], and using d,, ,-1 = duw,u,
we have in that case:

(4.1) dimk(gg) TXm(F)

» < dim X (F) — dy,w, + 1g(wewo).

The assumption dy,,,-1 = lg(wy) — lg(w,) = lg(wow, ') is satisfied if and only if w,
is a product of distinct simple reflections (as follows from [17, lem.2.7]). Note that the
permutation w,, call it here w2, is in fact not the same as the permutation also denoted
w,, defined in [17, §2.3], call it w29, Indeed, unravelling the two definitions one can check
that wi® = w2wy. In particular the upper bound in (4.1) is exactly that of [17, Th.1.3].
(ii) Both assumptions on 7(zpqr) and on dy,,,—1 in (ii) of Proposition 4.1.5 are satisfied
when lg(w) — lg(w,) < 2. The one on 7(zpar) follows from [10, Th.6.0.4] and [10,
Cor.6.2.11]. The one on d,,,, -1 follows from writing w = s,w, (case lg(w) —lg(w,) = 1)
or w = saspw, (case lg(w) — lg(w,) = 2) where s,,ss are (not necessarily simple)
reflections (see e.g. [41, §0.4]).

(iii) Assuming Conjecture 2.3.7 for w = wy, the inequality in (i) of Proposition 2.5.3 is an
equality for w = wy (see Remark 2.5.4) which then implies that (4.1) is also an equality.
In particular Conjecture 2.3.7 implies [17, Conj.2.8].

4.2. Local companion points. For r a fixed crystalline sufficiently generic deformation
of 7, we determine all the points of Xi,;(7) with associated Galois representation 7.

For h = (h,;) € (Z")E®] recall that 2" is the character z = [[,ex, 7(2)"m of (K*)™.
There is a natural action of S ~ Sl on (Z")E®] . for w = (w,)rex € S and h €
r de Rham with distinct Hodge-Tate weights and denote by h = (h.1 < -+ < h;p)ren
the Hodge-Tate weights of r. As in §3.7, by [16, Prop.2.9] there is w € S such that

wt(0) = w(h). We assume w = wy, i.e. x strictly dominant in the sense of [17, §2.1].
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By [16, Prop.2.9] again, if 2’ = (r,§’) is a companion point of z we see that there is
w’ € 8 such that wt,(8') = w'(h).

We now assume moreover that r is crystalline and as in Remark 3.7.9 we denote by
¢ = (¢1,-..,¢n) € k(x)" an ordering - also called refinement of r - of the eigenvalues

of ool on D (r). With such a refinement, we can construct a smooth unramified
character of (K*)" by formula:

unr(p) = (unr(e1), ..., unr(y,))
Then it follows from [17, Lem.2.1] that there exists a refinement ¢ such that we have

0 = z*®unr(p). Each companion point of z is of the form (r, z*®™unr(p)) for some
w=(w;); €S.

Remark 4.2.2. Denote by g : X;i(T) — X7 the canonical projection. It follows from
[17, (2.5)] and the line just after that for any refinement ¢ of  the point:

zy = (1, 2™ unr(p))

is in Xi(7) and from [45, Th.6.3.13] and the construction of Xy,;(7) that the set {z €
Xui(T) | g(z) = r} is exactly the union of the companion points of each z,, for all possible
refinements ¢ of 7.

We now assume moreover goigoj_l ¢ {1, plFo@l} for 4 # j as in Remark 3.7.9. Recall
we have defined w, € S just before Proposition 3.6.4 by the relation 7(2y par) € U, -
The following theorem is a local analogue (i.e. on the local eigenvariety X.,;(7)) of [13,
Conj.6.6] which concerned companion points on the global eigenvarieties built out of
spaces of p-adic automorphic forms.

Theorem 4.2.3. The set of companion points of x = (r,8) = (r, z2wo® )unr(gp)) is given
by:
{zw = (r, zw(h)unr(g)), wy = w}.

Proof. Applying Corollary 3.7.8 and Proposition 3.6.4 (with L = k(z)) at the point x,,
(assumed to be in X,;(7)), we deduce the necessary condition w, =< w. It is thus enough
to prove that all the points x,, € X7 x T;* for w = w, are actually in X;(T).

In [17, (2.9)] we have constructed a closed immersion of rigid spaces over L:
(4.2) tht X2 X (F)

(the left hand side is denoted X2P in loc.cit. but we drop the O, see Remark 3.6.1 and
the beginning of §3.7). Then (r, (¢1,...,¢n)) € € X2~ and the construction of ¢, implies
that this point is mapped to € X;,;(7). Arguing as in the proof of [17, Lem.2.4], there
exists a smooth Zariski-open and dense rigid subset Wh=er of XB= consisting of pairs
(1y, (V1,5 - -, Pny)) such that the ;, satisfy gpl,y@w ¢ {1,p[K0 @p]} for ¢ # j. As in the

proof of loc.cit. there is also a coherent locally free O n-or ®q, Ko-module D on th_cr
together with a linear automorphism ® of D such that for all y € I/T/,l"“:

(D7 ®) ®O"X/!’)—cr k(y) = (DCriS(ry)7 QO[KOZQP})'
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Moreover, locally on I/T/fh’cr we can fix a basis e, .. ., e, of D such that the O n-« ®g, Ko-
submodule (ey, ..., ¢;) is ®-stable for all 7 and:

(I)<€z> = ¢i6i modulo <€1, Ce ,61'_1>
where the ¢; € O%;,,Créél C (OVT,;HM@@Z)KQ)X, i€ {l,...,n} correspond to the morphism

Wher sy Xhoor _, TV with the notation of [17, §2.2]. By the argument in the proof of
[17, Lem.2.4], we have a smooth morphism of rigid spaces over L:

h: WP — (G/B)"®

(recall G = Spec L Xspec, Resk/q,(GLn k) mapping a crystalline representation of Gx
to the Hodge filtration on D, written as in (3.9).

Forw € S, we write VT/,{‘;“ C Wh= for the inverse image of the Bruhat cell (BwB/B)"s C
(G/B)"& under h. Then WP, is locally closed in W™ and the WP, for w € S set-

theoretically cover th_cr. From the definition of w, in §3.6 and the choice of the local
basis (e;); above we easily check that:

(4.3) (r, (P15, 0n)) € W;j;“ = w = w,.

If we denote by W,l};“ the Zariski-closure of Wg};“ in WP and by (BwB/B)"& that
of (BwB/B)"# in (G/B)", then we have h™'((BwB/B)18) = WP, Indeed, the in-

clusion WP, C h='((BwB/B)") is clear. Conversely, let y € h~'((BwB/B)") and
U an admissible open neighbourhood of y in th_cr, then A(U) is admissible open in
(G/B)"& since the map h is smooth hence open ([11, Cor.5.11]). Since h(y) € h(U)
and h(y) € (BwB/B)"s, then h(U) contains a point in (BwB/B)"8 as the latter is
Zariski-open and dense in (BwB/B)"s. This implies U N A~ ((BwB/B)") = U N
Wfl?;cr # (), from which it follows that y € W,:If;cr since U is arbitrarily small, and

hence we have h™'((BwB/B)"g) C I/T/,:If;“. Then one easily checks from the usual de-
composition of (BwB/B)"s = (BwB/B)" into Bruhat cells that (4.3) together with

W= ((Bw'B/B)&) = WE for w' € S imply:

7w’

(4.4) (r, (P15, 0n)) € ng;cr = W = Wy

Now, consider the following morphism of rigid spaces over L:
(4.5) o T WE™ — XX TS
(ry, (P1yy - Pny)) > (1, Zw(h)unr(@l,yv s Png))-

Then ¢, (Xui(T)) is a Zariski-closed subset of Wh='_ It is enough to prove that we have
an inclusion W;j;“ C Lﬁjlw(Xtri(?)), or equivalently Lh,w(WF}f;“) C Xui(7). Indeed, then

we also have W,—}Z“ C 1y (Xui(T)), and since (7, (¢1,...,¢n)) € W{‘;“ when w = w, by

(4.4), we deduce Ty = thw((7, (P1,- -5 ¢n))) € Xi(T). But we have Lh,w(W{‘;“) C Xui(7)
since in fact we have t (WP, ) C Uwi(T) (see (3.29) for Uyi(7)). This follows from
the fact that, when (ry, (P1y, .-, ny)) € Wra®, then z*®unr(py,, ..., ¢n,) € T, is

actually a parameter of r, (use Berger’s dictionnary between Des(r,) and Dyig(r,) as in

the discussion preceding [17, Lem.2.4]). O
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Remark 4.2.4. A result analogous to Theorem 4.2.3 also holds assuming only that r
satisfies the assumptions in Remark 3.7.9 and is de Rham (which then implies it is in
fact crystabelline). We restrict ourselves above to the crystalline case for simplicity and
because this restriction is already in [17, §2] (that we use).

4.3. A locally analytic “Breuil-Mézard type” statement. We formulate a multi-
plicity conjecture which is analogous to [31, Conj.4.2.1] except that X7 is replaced by X,
and Serre weights are replaced by irreducible constituents of locally Q,-analytic principal
series. We then prove the (sufficiently generic) crystalline case.

We keep the notation of §3.7 and fix a continuous 7 : Gx — GL,(ky). For § € T
we denote by Xii(T)s = Xui(T) X7n & the fiber at  of W' : Xi(F) — T;* and by

wt

Xii(T)wi(s) the fiber at wt(d) € ¢ of the composition X(T) LN T = t8 (here wt
is defined similarly to (3.16) but without the translation by —wt(J) and replacing the
artinian L-algebra A by an affinoid L-algebra A). We also denote by T/ wi(s) the fiber at

wt(8) of T 25 78, If r € X5(L), we recall that the local complete noetherian L-algebra
Ox. . of residue field L and (equi)dimension n? 4 [K : Q,]n? represents the functor | X, | of
framed deformations of  on local artinian L-algebras of residue field L (see the beginning
of §3.6 and §3.7). We denote by Z(Spec (”A)xﬂ) (resp. Z4(Spec (’A)xﬁ) for d € Z>o) the
free abelian group generated by the irreducible closed subschemes (resp. the irreducible
closed subschemes of codimension d) in Spec (’A)xw. If A is a noetherian complete local
ring which is a quotient of @36?,7"7 we set:

[Spec A] := > m(p, A)[Spec A/p] € Z(Spec @%7,7‘)

p minimal prime of A

where the sum is over the minimal prime ideals p of A, m(p, A) € Z>¢ is the (finite) length
of A, as a module over itself and [Spec A/p]| is the irreducible component Spec A/p seen

in Z(Spec Ox._,.).

Let us first start with some preliminaries which will also be used in §5.3. We let
r € X7(L) be a trianguline deformation with integral distinct 7-Sen weights for each 7 € ¥
and define V', D and M as in §3.6. We fix a triangulation M, of M which possesses
a parameter in 7;". We define z,qr := (o *(D,),a ' (Fily+,.), Nw) € X(L) € X(L)
(depending on a choice of framing «) as just before Corollary 3.5.8 and w, ,, € S =
ST[LK:QP] as just before Proposition 3.6.4. We fix w € S such that zpqr € X (L) C X,(L)

that M, is the unique trian’é{ﬂation on M of parameter § by Proposition 3.7.1. Going
back to the commutative diagram (3.33), it follows from Corollary 3.3.9 that we have a
commutative diagram of affine formal schemes over L:

w Ow —~
‘iT,M. ‘CT,M. ‘iw
')

s>TpdR
)

O
XT Mae -~ T,M. - X‘Tde

K1




where t is the completion of ¢ at 0 and where the two upper squares are cartesian. This
diagram induces another analogous commutative diagram with the Spec of the underlying
complete local rings instead of the formal schemes. Taking everywhere (except for X,)
the fibers over 0 € t(L) of this latter diagram and considering Remark 4.1.2, we obtain
the following commutative diagram:

Spec R, ., < Spec ES’/\Z. — Spec O,

ZTpdR

(4.6) Spec R, pm, < Spec ES — > Spec O«

X, Tpdr

Spec @%;,r

where all the horizontal morphisms are formally smooth and where the two squares are
cartesian (as the vertical maps are closed immersions). Note that RE M, (resp. FE ) s
(resp. Ox

. . Y _w
a formal power series ring over R, rq, (vesp. R, \,,) and over Ox

X,x pdR wal'de)'

By the results of §§2.4, 2.5, the irreducible components of Spec Oy’mde are the union of
the irreducible components of Spec @Zw/axp . for w” € S such that zpar € Z,/ (L) (this last
condition doesn’t depend on the choice of the framing «/). Likewise the irreducible compo-
nents of Spec @yw’deR are the union of those of Spec @Zw,@p s forw” € S such that v’ < w
and Tpar € Zy(L). By pull-back and smooth descent, we obtain from (4.6) a bijection
between the irreducible components of Spec @y@de (resp. Spec @yw@de) and the irre-

ducible components of Spec R, v, (resp. Spec E: m.)- In particular Spec R, v, is equidi-
mensional of dimension n? + [K : Qp]@ (equivalently of codimension [K @p]” (nt1)
in Spec Ox_,) and Spec ﬁ;ﬂ M, is a union of irreducible components of Spec R, 4, . For

w' € S, denote by 3, € ZIKQ] ot (Spec @xﬂ) the cycle corresponding via the embed-
ding Spec R, p, < Spec Ox_, to the cycle [Spec Oz, 2par) 0 §2.5 under this bijection
and set as in (2.16):

(47) w = Z Q! wHBw// - ZKQP (SpeC Ox 7«)

w' €S

Note that the cycles 3, and €, do not depend on the choice of the framing « and, using
(3.15), depend on ¢ only via the Ry x(6;)[1]. Since auyur = 0 for w” # wy (see the last
condition in (iii) of Theorem 2.4.7), we have €, = 3,,, and since moreover Z,,, is smooth
(as it is isomorphic to G/B x G/B) we see that 3,, = €, is either 0 or irreducible. In
fact we have r de Rham (equivalently here r crystabelline) if and only if Ny = 0 if and
only if zpar € Zy, (L) if and only if 3., = €4, # 0.

Remark 4.3.1. We have a more precise description of €, in the crystalline case at
least (which will be used in §5.3). Denote by XY@~ c X; the closed analytic subspace
associated to (framed) crystalline deformations of 7 of fixed Hodge-Tate weights given by
wt(6) and assume here that the fixed r is in 2@~ (L) C %x(L). Since the underlying
nilpotent operator is identically 0 on Z,,, any deformation in X, rq,(A) C X, (A) coming
from Z,,, epar (A) (for A in Cp) is de Rham, hence crystalline due to the assumption r
crystalline and ¢ € 7, (by an easy exercise). This implies that €, = 3,,, corresponds to
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an irreducible closed subscheme of Spec O g0, of dimension n? + [K Qp]" . But
it follows from [48] that the scheme Spec(’) i(§)—er, is already irreducible of dimension

+[K : Q)21 Hence we deduce in that case an 1som0rphlsm

(4.8) €y — [Spec @x::t(é)fc%,] c 7K (Spec Ox...).

Corollary 4.3.2. With the notation as for (4.7) assume moreover that x := (r,0) is in
Xuwi(T)(L). Let M, be the unique triangulation of M = Dyy(r)[3] of parameter § and
that w € S is such that wt(d) = w(h), then we have:

n(n +

[Spec @Xtri(ﬂwt@ = 3 Pupwwow (1)€y € 217

w'eS

(Spec an )

Proof. This follows from Corollary 2.5.6, Corollary 3.7.8 and what is above, recalling that
the composition Xi;(7), ~ X%y, — Xrm, Bic 7’; is the morphism w’ by (3.30). O

One can be a bit more precise. We have z,qr € Zuw/ (L) = Tpar € Xw (L) = We, g S W'
(using Proposition 3.6.4 for the last implication). By (4.7) and the properties of the
integers a,s,» (see (iii) of Theorem 2.4.7) we deduce €,y # 0 = 3,» # 0 for some
W' 2w = Wy W= Wy, 2w Since moreover Py wow (1) # 0 < w' 2w, we
have in fact:

(49) [SpeC @Xtri(ﬂwt@)@] = Z P’wow,wow’(l)Qw’ € Z[ :

<w'<w

(n+1) A
2+1 (Spec O%;,r)

Wzp4r

and 0 < &, < [Spec @Xm(F)m@w] if and only if w, ., < w’ = w. When r is moreover

de Rham (i.e. Ny = 0), one can easily check using the usual description of the Zariski-
closure of Bruhat cells that we have equivalences (and not just implications) zpar €
Zw (L) < Tpar € X (L) € Wepgy 2w’ and 3 # 0 & € # 0 & W, X w'. In that
case, we see in particular that all terms in the sum (4.9) are actually nonzero.

After these preliminaries, we now move to our multiplicity conjecture.

Lemma 4.3.3. Let x = (r,0) be any point of X,:(T)(L) such that § € T, then we have
closed immersions:

Spec @Xm(;)w — Spec @Xm(;),x — Spec @367,7‘-
Proof. The first closed immersion is obvious and the second is Proposition 3.7.3. U

When r € X7(L) is trianguline, we say that r is generic if all the parameters § of r are
in 7;*. When r is crystalline with distinct Hodge-Tate weights for each 7 € ¥ and the
p; are the eigenvalues of go[Koz@P] on Deis(r), this amounts to the conditions on the ¢; in
Remark 3.7.9.

For § = (61,...,0,) € T*(L), we consider the locally Q,-analytic principal series:

(4.10) Iy = (ndg S8 @ dre @ - - @8,e" )"

where B(K) C GL,(K) is the subgroup of lower triangular matrices. Recall that I5 is
the L-vector space of locally Q,-analytic functions f : GL, (K) — L such that:

f(adiag(ty, ..., ta)g) = 01(t1)(0a(t2)e(tz)) - - (ulta)e" () f(9)
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(where 7 is lower unipotent in B(K)) with the left action of GL,,(K) by right translations
on functions f. It follows from the theory of [55] (together with the appendix of [13])
that the representation I; is topologically of finite length and that the multiplicities of its
(absolutely) irreducible constituants are a mixture of multiplicities coming from Verma
modules (i.e. Kazhdan-Lusztig multiplicities) and from smooth principal series. We
denote by I its (topological) semi-simplification. If II is an absolutely irreducible locally
Qp-analytic representation of GL,(K) over L, we denote by msn € Z>( its multiplicity
in I3°.

The following conjecture was inspired by [15], [34] and especially [31, Conj.4.2.1].

Conjecture 4.3.4. For any generic trianguline r € X7(L) and any absolutely irreducible
constituent I of a locally Q,-analytic principal series of GL,(K) over L, there ezists a

=) (Spec (’A)x,r) such that, for all § € T;*(L), we have:

n(n+ ) ~
(Spec Ox_,).

unique cycle C,yp in ZUQl

[Spec OXm )5,(,8) 5 Z mg, HC I m Z[K Q]

Remark 4.3.5. Conjecture 4.3.4 in particular implies that Spec Oxm 5.(ro) 18 equidi-

mensional of dimension n? + [K : @p]”T (if nonzero) when r € X7(L) is generic trian-
guline. Note that if the cycles C, 11 are known for a given r (and all IT), then Conjecture
4.3.4 also tells exactly which points of the form (r,d) are on Xy;(7).

Let 6 € 7" be locally algebraic. We can write:
(61,098, ..., 05" 1) = 270,
where \ € (Z")E@] and §,,, is a smooth character. Then the representation I; is iso-
morphic to F3 GL” (U(g) ) () dsm)- The hypothesis § € 7" implies that for every

parabolic subgroup P of GL,, containing B, the smooth representation Indggg (Ogm )™
is irreducible (see [8, Th.4.2]). This implies that, if (M;); is an ascending Jordan-
Hélder filtration of U(g) ®p g (—A), then (FE(I“K")(K)(M dsm))i 1s & decreasing topological
J ordan—Hélder filtration of /5 and the topologically irreducible subquotients of /5 are the

Foay (MifMi 1, 84)-

Proposition 4.3.6. Assume r € X57(L) is generic trianguline with integral T-Sen weights
for each T € X. If the cycles C.11 as in Conjecture 4.3.4 exist, then they are unique.

.....

0 locally algebraic and ¢ € 7;". In particular if H is a constltuent of some [ES Where at

least one of the §; is not locally algebraic, then [Spec 1) Xen()s,(r,8)] = 0 and hence C,.;1 = 0.
We now use without comment the results of [54] as summarized (and slightly extended) in
[13, §2]. If IT is an irreducible constituent of some [§* where ¢ is locally algebraic, one can
associate to IT the smallest length of such a I3°. We proceed by induction on this length.
If I$* =TI, i.c. [{® has length 1, then we must have C,i; = [Spec Ox, .., (r)]- In general,
we can always find § € 7" locally algebraic such that II ~ socar,, (k) Is (use [12, Cor.2.5]).
Then we have [Spec &) Xeni ()3, (r0)) = Crit2rzn M, Cr, i Where the cycles C,. i are known

by induction using [41, Th.5.1], i.e. C.;m = [Spec (’A)Xm(;)é’(,@] — Yz Ms i Crr - O

Remark 4.3.7. The same proof should work without assuming integrality of the Sen

weights of 7, but this requires extending the results of [55] to the locally Q,-analytic
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setting (similar to what is done in the appendix of [12]). Though there is no doubt such
an extension is true, it is not written so far, and for that reason we refrain from stating
Proposition 4.3.6 in the general case.

We now fix r € X7(L) a trianguline deformation with integral distinct 7-Sen weights
for each 7 € ¥ and we let M, M,, Zpar, We, 4, W, 0 as in the beginning of this section.

Taking the fibers over § € Spec @TL"
third diagram:

s(L) in the commutative diagram (4.6) yields a

wt(8)*=

—w =, w P
Spec R, v, =< Spec R, ,,, — Spec Ox

j Xuw »>TpdR

fr =0 A
Spec By pm, <—— Spec R, p, — SpecOx,

(4.11)

Spec Ox._,

where all horizontal morphisms are formally smooth, the two squares are cartesian and

=0 =0, — -
R, u, (resp. R, ;jl.) is a formal power series ring over R, v, (resp. R: Mm,)- Using exactly

the same arguments as with (4.6), for w’ € S we denote by 2, € 7K Q] 25 (Spec @36;,7*)

the cycle corresponding, via the embedding Spec ﬁn M., < Spec @x?,r, to the cycle
[Spec Oz, )] and we set as in (4.7):
(412) Cow = Z aw’,w”zw" c Z[K:Qp]ﬂ(n2+3) (Spec @:{F’r»

w//eS
The cycles Z,» and C,y again do not depend on « and depend on § only via the Ry, x(6;)[7]
(using (3.15)).

Denote by g = (00,i)icq1,..ny € Tg" the unique element such that &g ;6; is algebraic for
all i € {1,...,n} and wt,(d9;) > wt,(do,11) foralli € {1,...,n—1} and all 7 € ¥. It
follows from [41, §8.4] and [54] (with [13, §2]) that the irreducible constituents of I5  are
parametrized by & in such a way that me, 11, = P you (1) where II,, is the constituent
associated to w’ € S (recall that in Is, we induce from the lower Borel). The cycle Cy a
priori depends on r, M, and w’. The following result shows that it depends on slightly
less.

Proposition 4.3.8. With the above notation, the cycle Cyy only depends on r and on the
constituent 1L, .

Proof. We can choose the framing a such that the flag o '(D,) on (L ®q,

(07

K)" ~ Dpar(War(M)) is the standard one. For w’ € S such that zpar € Zuw (L)
denote by P, C G the maximal parabolic subgroup containing B such that w'wq - 0 is
dominant with respect to M,, N B where M, is the Levi subgroup of P,. Denote by
Snw € S, the subgroup of permutations which, seen inside & = SIK:Ql via the diagonal
embedding, belong to the Weyl group of M,,. Let us write §, = 2*4,,, with d.,, a smooth
character. For an element w € S, we denote by w(d,) the smooth character defined by
W(dgm )i = Osmm(i)- BY [12, Lem.6.2] we find that:

W€ Spw = 0%#ms, 11, where &g ; = 20 (0y )
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One easily checks that there is a partition n = ny 4+ --- + n, of n by integers n; > 1
such that S, . is the Weyl group of GL,, ;1 X GLy,;, X --- x GL,, /, inside GL,,/;. For
any reflection s in S, the closed point zpars := (sa™ (D), o (Fily+ o), Ny ) is still
in Z, (L) since in particular s(Z,) = Z, by Remark 2.4.9. Hence the nilpotent en-
domorphism induced by Ny on the graded piece a ™ (Dp,y...in,)/@ (Dnysoin,_,) for
i € {1,...,r} is actually 0 since it must respect permutations of the induced flag. Ap-

plying Lemma 3.4.7 to each graded piece, we can define another triangulation sM,
on M which induces sa'(D,) on Dpar(War(M)). We can then define the cycles

Zy s, Cur s € Q] )(Spec Ox.,) as we defined Z,/,C, replacing M, by sM, and
Zpdr DY Tpar,s in the lower part of (4.11) (the part that is not concerned with w), and
note that Cy, s is well defined thanks to Remark 2.4.9. It then easily follows from [12,

Lem.6.2] that it is enough to prove C,y = Cyy s in 7K 25 (Spec @fw)-
From (4.12) it is enough to prove Z,» = Z,» ¢ for all w” < w' such that a,s .~ # 0

and all reflections s € S, (note that Z,, # 0 if and only if Z,,s # 0 for such
w” < w' by Remark 2.4.9). Denote by Z5, (resp. Zw,, ) the equidimensional closed sub-

=0
scheme of codimension 0 in Spec R, ,, (resp. in Spec RT sm,) defined as the pull-back of

Spec @Zw,,@de (resp. Spec @Zu],,,zde’ ). Let A € Cp, and (DA.,D(A%).,NA) € an’xde(A),
from s(Z,») = Z, (Remark 2.4.9) we deduce as previously that the nilpotent endo-

morphism induced by N4 on DEL‘ )n1+ +nZ/DS7)m+m+nH for i € {1,...,r} is actually 0
(since on each graded piece it must respect permutations of the induced flag and since
it is 0 on the diagonal as we are in Z,» C Z). Applying again Lemma 3.4.7 to each
graded piece, we can define a bijection s : Z,,(A) = Z (A) which is functorial in A
by permuting the triangulation My, of M4 according to s. Hence the two complete

local rings underlying 25, and Z n ¢ are isomorphic. Since this bijection doesn’t touch
the Galois deformations, they are moreover isomorphic as quotients of @gw where @gﬂ
is the affine ring of XI. This implies in particular that the two cycles Z,» and Z, ¢ are
the same in ZEQl= n+3) (Spec (’)35 ) O

Theorem 4.3.9. Assumer € X5(L) is generic crystalline with distinct T-Sen weights for
each T € ¥. Then Conjecture 4.53.4 is true for r.

Proof. For any refinement R, that is any ordering (¢;,, ..., @;,) of the eigenvalues (y;); of
@lEo:Ql on D i (r), there is a unique triangulation M,z on M such that M; r/M;_ 1 » =
Rk (unr(p;,))[1]. We denote by ax par the point of X (L) corresponding to M,z (fixing
the same framing a for all R).

Let § = (0;); € T/(L). If (r,0) is not a point on X,;(7) set C,.i1 := 0 for all constituants
IT of I®. If (r,0) € Xui(T), then the assumptions imply € T” and ¢ locally algebraic
and we set C,i1 , := Cy for w' € § where C,, is defined using the triangulation M, of
Proposition 3.7.1 (and the associated xpqr) and where we use Proposition 4.3.8. Note
that M, = M, for a refinement R uniquely determined by (01, ...,d,). For all this to
be consistent, we have to check that if IT,, occurs in some other I$ with (r,d") ¢ X (),
then we have C,, = 0. Consider such a §’ = (8});, there exists a permutation w, € S, for
each 7 € ¥ such that wt.(d,, ;) < wt; (0, (;41)) (in Z) for all i and we set w := (w;), € S.
Then we have w’ < w using [41 §5.2] and [54]. Moreover there exists a unique refinement
R’ which is determined by (d7,...,0,) and it follows from Proposition 4.3.8 (and its

proof) that we can also define C,s using M, z: instead of M, = M,. Arguing exactly
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as before (4.9), we have Cp # 0 & wy, . < w'. As (r,d") ¢ Xui(T), we must have
Wers in £ w by Theorem 4.2.3. But then (since w' < w) this implies W in £ w' and

thus C,,y = 0.

It remains to check the equality of cycles in Conjecture 4.3.4 for (r,d) € Xu(T)(L)
(if (r,8) ¢ Xui(T)(L) it amounts to 0 = 0 by definition of the C,.p). But in that case,
defining w as before Lemma 3.7.4 (i.e. as we did above for ' but with §), we have by the
same argument as for Corollary 4.3.2:

[Spec Oxumnrd) = > Pugwwow (1)Cur € ZU Q) (Spec Ox...).
- w'eS
Since the constituant I, appears in [§° with multiplicity msmn , = Powwow (1) (use
again [41, §8.4] and [54]), this finishes the proof. O

Remark 4.3.10. For r as in Theorem 4.3.9, the constituents II such that msn # 0
for some ¢ € T/*(L) are precisely (up to constant twist) the companion constituents
associated to r in [12, §6].

5. GLOBAL APPLICATIONS

Under the usual Taylor-Wiles hypothesis we derive several global consequences of the
results of §2 and §3: classicality of crystalline strictly dominant points on global eigen-
varieties, existence of all expected companion constituents in the completed cohomology,
existence of singularities on global eigenvarieties.

5.1. Classicality. We recall our global setting. Then we prove classicality of crystalline
strictly dominant points on global eigenvarieties under Taylor-Wiles assumptions.

We start by briefly reviewing the global setting of [17, §§3.1,3.2] and refer the reader
to loc.cit. for more details. We assume p > 2 and fix a totally real field F'", we write
¢y for the cardinality of the residue field of F'™ at a finite place v and we denote by S,
the set of places of F'* dividing p . We fix a totally imaginary quadratic extension F' of
F* that splits at all places of S, and let G := Gal(F/F). We fix a unitary group G in
n > 2 variables over F'* such that G xp+ F' = GL,/p, G(F'" ®g R) is compact and G
is quasi-split at each finite place of F*. We fix an isomorphism i : G X p+ F' = GL,/p
and, for each v € S, a place ¥ of F dividing v. The isomorphisms F,;f = Fj and i
induce an isomorphism i; : G(F,}) = GL,(F3) for v € S,. We let G, := G(F,}) and
Gp = Tlpes, G(F) =~ Tlpes, GLn(F5). We denote by K, (resp B,, resp. Bv, resp. T,)
the inverse image of GL (OFU) (resp. of the subgroup of upper triangular matrices of
GL,(F}), resp. of the subgroup of lower triangular matrices of GL,(Fy), resp. of the
subgroup of diagonal matrices of GL,(F};)) in G, under i; and we let K, = [Toes, Ko
(resp. B, := [lyes, By, resp. B, = [Toes, B, resp. T, := [Tves, Tv). We fix a finite
extension L of Q, large enough to split all )\ for v € S, and denote by g, b, b and t
the base change to L of the respective Q,-Lie algebras of G, B,, B, T, (so for instance
g~ Hvesp(g[n)[F;r:@] ~ (gl,)F"¥). We denote by T,,, and T, 1, (v € S,) the base change
from Q, to L of the rigid analytic spaces over QQ, of continuous characters of respectively
T, and T,. We identify the decomposition subgroup of Gr at © with Gr, = Gal(F;5/F}).

We fix a tame level U? = [[, U, C G(A%Of) where U, is a compact open subgroup

of G(F)) and we denote by S (UP, L) the p-adic Banach space over L of continuous
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functions G(F)\G(A%,)/U? — L endowed with the linear continuous unitary ac-
tion of G, by right translation on functions. A unit ball is given by the Op-submodule
S(UP,0y) of continuous functions G(F*)\G(A%,)/U? —s Oy and the corresponding
residual representation is the kp-vector space S(UP, k) of locally constant functions
G(FP\N\G(AF:)/UP — ki, (a smooth admissible representation of G,). We also denote

by S(UP, L™ c S(UP, L) the very strongly admissible ([29, Def.0.12]) locally Q,-analytic

representation of G, defined as the L-subvector space of S (UP, L) of locally Q,-analytic
vectors for the action of G,

We fix S a finite set of finite places of F'* that split in F' containing S, and the set
of finite places v 1 p (that split in F) such that U, is not maximal. We can associate
to S a commutative spherical Hecke Op-algebra T which acts on §(Up, L), §(Up, L),
S(UP,0), S(U?, k). We fix m® a maximal ideal of T of residue field kj, (increasing L
if necessary) such that S(UP, L)ns # 0, or equivalently S(U?, L)X = (S(UP, L)™)ys #
0. We denote by p = ps : Gr — GL, (k) the unique absolutely semi-simple Galois
representation associated to m¥ and assume p absolutely irreducible. We let R5 ¢ be the
noetherian complete local Op-algebra of residue field k; pro-representing the functor of
deformations p of p that are unramified outside S and such that p¥ oc = p ® e"! where
,0V is the dual of p and ¢ € Gal(F/F™") is the complex conjugation. Then the spaces
S(UP, L)ys and S(UP, L) are natural modules over Ry s.

The continuous dual (S(UP,L)ﬁf‘S)V of g(U”,L);% is a module over the global sec-
tions I'(X5s, Ox, ;) where X5 5 := (Spf I55)"® and we denote by Y/(U?,p) = Y(U?,p, S)
(forgetting S in the notation) the schematic support of the coherent O

X5,sXTp,L

module (JBp(g (UP,L)>%))Y on X35 X T, . where Jp, is Emerton’s locally Q,-analytic
Jacquet functor with respect to the Borel B, ([28]) and (—)¥ means the continuous dual.
This is a reduced rigid analytic variety over L of dimension n[F* : Q] which is a closed
analytic subset of X; g X T »,. Whose points are:

{& = (p,6) € Xp5 x T, such that Homy, (8,75, (S(U?, L)is[m,] @k, k(x))) # 0}

where m, C R;g[1/p| denotes the maximal ideal corresponding to the point p € X5
(under the identification of the sets underlying X5 s = (Spf R5 )" and SpmR; s[1/p]).
If U"” C UP and S contains S, and the set of finite places v { p that split in F' such that
U! is not maximal, then a point of Y (U?,p) is also in Y/ (U, p).

We let Xii(p,) be the product rigid analytic variety [],eg, Xui(p;) (over L) where p; :=
Plor, and Xui(p;) is as in §3.7 (remember we drop [ everywhere, see loc.cit.). This is a

reduced closed analytic subvariety of (Spf R; )" x T, . where Ry = Qe s, 5, (vecall Rj,
is defined at the beginning of §3.7). Identifying B, (resp. T,) With the upper triangular
(resp. diagonal) matrices of GL,(Fy) via iz, we let 0p, == |- [} '@ |- 5@ @] |3 " be

the modulus character of B, and define as in [16, §2.3] an automorphism 10 T, wl — ﬁ), L
by:

(51) 7/11(517 . 75n) = 5Bv . (51, Ce ,(Sié‘iil, Ce ,(Sne’fnil).
Then the morphism of rigid spaces:
Xss x Tpr — (Spf Ry )™ x T, 1

(:07 (éy)véS};) = (P, (611,17 e aév,n>v65p) — ((pf})UESpy (251(511,17 cee 75v,n))U€Sp>
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induces a morphism of reduced rigid spaces over L:
(52) Y(Up7p) — Xtrl Pp H Xtrl

vES)
We say that z = (p,9) = (p, (0s)ves,) = (0 (6u,1,-- -, 0um)ves,) € Y(UP,p) is de Rham
(resp. crystalline) strictly dominant if p; := plg, is de Rham (resp. crystalline) and if
the image of x in each Xi,;(p;) via (5.2) is strictly dominant in the sense of [17, §2.1].
Equivalently wt,(d,;) > wt;(dy,41) forall € {1,...,n—1}, 7 € Hom(F}, L) and v € S,
(recall wt,(d,;) € Z by [16, Prop.2.9]).

Let § = (0,)ves, € fnL such that wt,(d,,;) € Z for all i, 7, v. Then we can write
8 = 8304y in T}, where A = (Av)ves, € Hvesp(Z”)Hom (Fol) | §y = [lyes, 2™ (recall z*
is 2 = [Lremom(rs,r) 7(2) ) and (5 is a smooth character of T, with values in k(J)

(the residue field of the point § € T}, ). Following Orlik and Strauch, we define the
strongly admissible locally Q,- analytlc representation of G, over k(d) (see [16, §3.5] for
the notation, see also Remark 5.1.2 below):

(5.3) For(8) = Fg' ((U(8) @) (—V)" 05

By By
where 0p, := [l,es, 0B, and —\ is seen as a character of t and by inflation b — t as a
character of b. If \ is dominant, that is A, i = Ay v forall i, 7, v, we let:

(5.4) LA(8) := L(N) ® (Ind3 8umd H=

B,—Sm

where L()) is the irreducible finite dimensional algebraic representation of G, over L of
highest weight A relative to B, and (Ind%”—)OO is the usual smooth principal series. It is
a locally Q,-algebraic representation of Gi, over k() which coincides with the maximal
locally Q,-algebraic quotient of Fg: (0) and also with the maximal locally Q,-algebraic

subobject of (Ind%" Qé,;j )an

Let © = (p,8) € X559 x T, with wt,(d,,) € Z for all i,7,v, the representation (5.3)
allows us to reformulate the condition z € Y(U?,p) as (see [13, Th.4.3]):

(5.5) Homg, (8, Js,(S(UP, L)as[m,] @k, k(x)))

~ Homg, (F5"(8), S(UP, L)k [m,] @4, k(x)) # 0.
A point z = (p,d) € Y(UP,p) which is de Rham strictly dominant is called classical
if there exists a nonzero continuous G/p-equivariant morphism in the right hand side of
(5.5) that factors through the locally Q,-algebraic quotient LA(¢) of ng (0). Equiva-

lently (p,0) is classical if Homg, (LA(J), S(UP, L)s[m,] ®Qk(p) k(x)) # 0 ie. if p comes
from a classical automorphic representation of G(Ag+) (satisfying the properties of [17,
Prop.3.4]). We then have the classicality conjecture.

Conjecture 5.1.1. Let © = (p,d) € Y(UP,p) be a de Rham strictly dominant point.
Then x is classical.

Remark 5.1.2. The careful reader may have noticed that the (generalization of the)
results of Orlik-Strauch that we use in [16], [17] and here are actually only stated in
(12, §2] and [13, §§2,3,4] for locally Q,-analytic representations of G(K) over L where
G is a split reductive algebraic group over K and L splits K. But looking at the form

of the group G, we see that we rather need (in [16], [17] and here) locally Q,-analytic
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representations of groups of the form G;(K;) x Ga(K3) over L where Gy, i € {1,2}, is
split reductive over K; and the finite extensions K;, K, are not necessarily the same.
However, assuming that L splits K; and K5, an examination of the proofs of the results
of [12, §2] and [13, §§2,3,4] (and of all the results of Orlik-Strauch and Emerton on which
they rely, see loc.cit.) shows that they all easily extend to the above case.

If © = (p,d) € X559 x T, is crystalline, we denote by (pg1...,05.) € k(z)" the
eigenvalues of lf*0 @l on D (ps).

Theorem 5.1.3. Assume F/F* unramified, U, hyperspecial if v is inert in F and
P(Gpwm)) adequate ([62, Def.2.3]). Let x = (p,d) € Y(UP,p) be a crystalline strictly

dominant point such that gom-gpgj ¢ {1,q,} fori#j andv € S,. Then x is classical.

Remark 5.1.4. Let © = (p,0) € Y(UP,p) be a point satisfying the assumptions in the
theorem, but without assuming that the point is strictly dominant. It follows from [13,
Prop.8.1(ii)] (see also [17, Theorem 5.5]) that there exists a point 2/ = (p,d’) € Y (U?, p)
that is strictly dominant, and hence classical by the above theorem. We hence can
still deduce that the Galois representation p is automorphic (though the point x is not
necessarily classical itself).

Proof. By the argument following [17, (3.9)], we can assume U? small enough, i.e.:
(5.6) G(F)N (hUPK,h™") = {1} for all h € G(A%}).

We now briefly recall the construction of the patched eigenvariety X,(p) of [16, §3.2]
and [17, §3.2] (to which we refer for more details, note that this construction uses the
above extra assumptions on F, UP and p). Fix an arbitrary integer ¢ > 1 and let
Ry be the maximal reduced and Z,-flat quotient of (&), sRz )[z1...,24]. Denote by
Xo = (Spf Roo)"® and likewise by Xz (resp. Xp,) the reduced rigid fiber of Qe s\s, Itp,
(resp. @)UGSPR%). We thus have X, = Xp x X5, x U9 where U := (Spf OL[y])"® is the
open unit disc over L. Then following [19] one defines in [16, §3.2], [17, §3.2] for a specific
value of the integer g a certain continuous R.-admissible unitary representation Il., of
G, over L and an ideal a of R, such that Il[a] = S(UP, L)ys. We then define X,(p)
as the schematic support of the coherent O%mxﬁ, ’L—module Mo = (Jp, (IT="21))" on

X oo X Tn 1. This is a reduced rigid analytic variety over L which is a closed analytic subset
of Xo % T, 1 whose points are:

(5.7) {2 =(y,8) € Xoo x T, 1, such that Homg, (8, Jp, (IE="""[m,] ®s(, k(z))) # 0}

where m, C R [1/p] denotes the maximal ideal corresponding to the point y € X (under
the identification of the sets underlying X, and SpmR.[1/p]). Moreover Y (U?,p) is the
reduced Zariski-closed subspace of X,,(p) underlying the vanishing locus of aI'(X ., Ox._, ).
Define +(Xi(p,)) := [Toes, to(Xui(p5)) where ¢,(Xui(p5)) is the image of Xii(p;) via the
automorphism id x¢, of X5 x T, v, in (5.1). For each irreducible component X? of X5»,
there is a (possibly empty) union X ~*(

o p,) of irreducible components of X,(p,) such

that we have an isomorphism of closed analytic subsets of Xo, X 1T}, 1.:
(5.8) X,(0) 2~ J (X7 > o X5 (5,)) x 7).

Xp
Note that the composition:

Y (UP,p) = X,p(5) = X X U(Xuii(B,)) X U = o(Xi(5,)) — Xuni(B,)
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is the map (5.2).

Now consider our point z = (p,0) € Y(UP?,p) and let X¥ C Xz be an irreducible
component such that z € X7 x (X7 *"(p,)) x U C X,(p) via (5.8). For v € S, let

tri

x, € X4ui(py) be the image of z via:
X7 5 XE T (5,)) x U o(XE(5,)) 5 Xia(7,) — Xealy).

tri tri

For each v € S,, by Corollary 3.7.10 applied to Xi(p;) and x, (which uses the as-
sumptions on z;, see Remark 3.7.9) there is a wunique irreducible component Z, of
Xui(pp) passing through z,. If Z := [l,es, Zy, from (5.8) we thus necessarily have

€ XP x1(Z) x U9 C XP x (X7 *™(p,)) x UY. In particular, for V,, C Xi,i(p;) a suffi-

tri
ciently small open neighbourhood of z, in X(p;) we have [],eq, Vo € Z C X~ aut(pp)
and we see that the assumption in [17, Th.3.9] is satisfied. Hence z is classical by [17,

Th.3.9] (see also [17, Rem.3.13]). O

Remark 5.1.5. The assumptions on the ¢;; in Theorem 5.1.3 do not depend on the
choice of the place ¥ above v. Moreover, here again as in Remark 4.2.4, assuming
F/F* unramified, U, hyperspecial for v inert in F' and p(G F(€/I)) adequate, a little ex-
tra effort should produce classicality of de Rham strictly dominant points © = (p,d) =
(p, (0,)ves,) € Y(U?,p) such that +;'(d,) € 7% where ¢, is (5.1) and 7,7, is defined as in
§3.4 but with the field F,| = F} instead of K.

5.2. Representation theoretic preliminaries. We give here some technical lemmas
related to locally analytic representation theory that will be used in the next section.

We keep the notation of §5.1 and set 1)) := T, N K}, = [I,es, (T, N K,). For a weight
1= (p)ves, € Myes, (21 denote by L(p) (resp. L(u)) the irreducible object of
highest weight 4 in the BGG category O (resp. O) of U(g)-modules with respect to the
Borel subalgebra b (resp. b) ([41, §1.1]) and for w € [T eg, SF#%! set w-p := w(pu+p)—p
where p is half the sum of the positive roots of the algebraic group [l,eg, Spec L Xspecq,
Res, /g, (GLy/F,) with respect to the Borel subgroup of upper triangular matrices. Write
wo = (Wo)ves, € [lves, SFoQ] for the longest element. If € € fn (L) is of derivative
i, the theory of Orlik-Strauch [54] (extended as in Remark 5.1.2) gives us a locally Q,-
analytic representation of G, over L (with the notation in (5.3)):

Gp (T — = Go (T —
‘FE: (L(_N)Vaésm(SBD = ®UESP‘F§U ( ( /’L’v) sm631>
where the completed tensor product on the right hand side is with respect to the inductive

or projective tensor product topology (both coincide on locally convex vector spaces of
compact type, see [30, Prop.1.1.31] and [30, Prop.1.1.32(i)]).

Let II*" be a very strongly admissible locally Q,-analytic representation of G, over L
([29, Def.0.12]). Let u be the base change to L of the QQ,-Lie algebra of the unipotent
radical U, of B, and U, a compact open subgroup of U,.

Let M be an object of the category O. It follows from [54, Lem.3.2] that the action
of b on M extends uniquely to an algebraic action of B,. We endow the L-vector space
Homy (M, II**) with the adjoint action. More precisely, for b € B, and f € Homg (M, I1*")
we define bf € Homy (M, I1*") by the formula (bf)(m) := bf(b~'m) for m € M. The
subspace Homyg) (M, I1*") is preserved by this action. Namely, for f € Homy g (M, IT*"),
be By, r€gand m € M, we have:

(bf)(¥m) = bf (b~"xm) = bf(Ad(b™ )zd;4 m) =bAd(b e f(b™'m) = x(bf)(m)



so that bf € Homy(g) (M, II**). In particular, we deduce from this fact that b acts trivially
and B, smoothly on Homy g (M, I1*").

Denote by TpJr C T, the multiplicative submonoid of elements ¢ such that tUyt™! C Uy,
then it is straightforward to check that the actions of Uy and T, on Homy g (M, II*")
are compatible with the relations tugt™t € U, for t € Tp+. Hence we can endow
Homyg) (M, I1*")%° with the usual action of 7.\ defined by:

(5.9) fr—t-f=108p(t) > utf

quUo/tU0t71

Let € € T, (L) of derivative y and e, := €_,. The characters ¢ : T.f — L* and ¢,
determine surjections of L-algebras L[Tp+ ] = L and we denote their respective kernel by
m, and m,__(maximals ideal of the L-algebra L[T,]). We also set m; := ker(L[T] — L)
(resp. Mygm := ker(L[T,}/T] — L) where the surjection is determined by the trivial
character of T (resp. T, /T})) and we define for any integer s > 1 the characters:

1s): TF 45 LT — LT /mg and 1slan: T — TF/T0 S LITF /70 = LTS /70 /m3 0

The characters 1[s] and 1[s]s, can obviously be extended to T}, and we use the same symbol
to represent these extensions. Note that L[Tf]/m§ (resp. L[T,f/T)]/mj,) is in Cp and
that 1[s]sy, is the maximal smooth quotient of 1[s] (which is necessarily unramified).

Lemma 5.2.1. Let M be an object of the category O and V' a smooth representation of
T, over L. There is an isomorphism of L-vector spaces:

Homg, (;fg (Hom (M, L™, V(651)), Han) ~ Hom (V, Homyg) (M, T*) )

which is functorial in M.

Proof. 1t follows from [13, Th.4.3] and Remark 5.1.2 (we use here the very strongly
admissible hypothesis) that there exists a functorial isomorphism:

Homg, (fg:(Homw, L), V(65))), T™) o Homy 5, (M @, C2(U,,, V (65))), TI™).
The result comes form the canonical isomorphism:

Homg ) (M @1 C®(U,, V(05,)), 1) = Homp, (C2°(Uy, V(d5,)), Homy g (M, IT*)).
and from the proof of [28, Th.3.5.6] which can be adapted to prove that there is an
isomorphism:

Homgp, (C(Uy, V(85,)), Homy (g (M, TI*")) = Hom+ (V, Homy(g) (M, [12m) 0oy,
OJ

Lemma 5.2.2. Let L(v) be an irreducible constituant of U(g) ®u) p, for any s € Z>y
we have isomorphisms of L-vector spaces:

Homg, (5" (L(=v), slsmeamd5,)), 11™") = Homy g (L(), 11" [m¢_].

=sm

Proof. This is a direct consequence of Lemma 5.2.1 together with the fact that if N is a
L[T,/]-module, then Homp+ (1[s}smém, V) = N[m¢_ . O

€sm

Lemma 5.2.3. For any s € Z>, the L-vector space Homy ) (U(g) ®u ) 1, 1) [m? |
is finite dimensional and we have an isomorphism of L-vector spaces:

HomGp (ng((U<g) ®U(E) _M)V7 l[s]smﬁsm(séj)a Han) = HomU(g)(U(g) Qv (e) K Han)UO [mzsm]
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Proof. We have:
Homy ) (U (9)®u @)1, )% [mg | e~ Homy ) (p, 120 [m‘;m} ~ Homy g (1, (Ir)%0) [mg ]

=sm =sm

~ Homy g (1, Jp, (II™"))[m_ ]

where the last isomorphism follows as in the proof of [28, Prop.3.2.12]. This shows the
first part of the statement since the last term is finite dimensional by the proof of [28,
Prop.4.2.33]. Now we have:

Homu g (1 T, (1) [ ] = (T, (™)@ )]t = 0] = Homys (L[s]n, J, (1) @)
~ Homy (L[slsme, Jp, (II™)).

The statement follows then from Lemma 5.2.1. O

Note that the case s = 1 of Lemma 5.2.3 gives in particular:

Homcp(]: ()Han) Homy ) (U(g) ®u ) g, 1) [m,_]

where fgj (€) is as in (5.3).

Lemma 5.2.4. For any s € Z>, the L-vector space Homy ) (U(g) ®u ) p, 1) [m$ |
is finite dimensional

Proof. This is a direct consequence of Lemma 5.2.3, the left exactness of the
functor Homy(g)(—, [12%)%0 [m¢ ], the fact that each snnple object of the category O is a
quotient of a Verma module and that each object of O has finite length. 0

Assume now that IT*" is such that, the functor Homy ) (—, II*") is exact on the category
O, which means that whenever we have a short exact sequence 0 — M; — My — Ms — 0
in O we also have a short exact sequence of L-vector spaces:

(510) 0— HomU(g) (Mg, Han) — HOIHU(Q)<M2, Han) — HomU(g) (Ml, Han) — 0.

The hypothesis (5.10) occurs in the following important case.

Lemma 5.2.5. Assume that the continous dual II' is a finite projective Op[[K,l|[1/p]-
module. Then the functor M — Homy g (M, II*") is exact on the category of finite type
U(g)-modules.

Proof. Let M be a finite type U(g)-module. Arguing as in the proof of [17, Lem.5.1] and
using that M is of finite type, we have:
Homy ) (M, ™) = lim Homy(g) (M, T1,.) =~ lig Homy, (g)(Ur(8) Qu(g) M, I1;.).
r—1 r—1
Moreover it follows from the proof of [57, Prop.4.8] that the functor M — U,(g) ®u g M
is exact for a sequence of rationals r € p¥ converging towards 1. By exactitude of ligr it
is thus enough to prove that the functor M, +— Homy, 4 (M,,Il,) is exact (for such r) on

the category of finite type U, (g)-modules. This is exactly the same argument as in the
end of the proof of [17, Lem.5.1]. O

We now assume moreover that II*" is the locally Q,-analytic vectors of some continuous
admissible representation II of G, over L and satisfies property (5.10). If V' is an L[Tf]-
module, let V[m | := U V[m? |
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Lemma 5.2.6. The functor Homy g (—, II*")%[m | is ezact on the category O.

Proof. Let 0 — My — My — M3 — 0 be a short exact sequence in O@. By (5.10) and
the smoothness of the action of the compact group U,, we have a short exact sequence of
L[T,]-modules:

(5.11) 0 — Homyg) (M3, II*")Y° — Homyg)( Mz, II*")Y° — Homy g (M;, II*")Y° — 0.

By the argument above [17, (5.10)], for M, = U(g) ®@u ) ¢ & Verma module, changing
Up if necessary the L[T;f]-module Homy ) (M, II*")%° ~ Homyg(p, (II*™)°) is an
inductive limit of L[T}f]-submodules on which some element z of T acts via a compact
operator (we use here, as in loc.cit., the above extra assumption on I1*"). Using the fact
that each object of O is a quotient of a Verma module, that objects of O have finite
length and the exactness of the functor Homy g (—, II**)% on O, the statement is still
true for an arbitrary M,. Since z commutes with 7.7, it follows easily from the theory of
compact operators that (5.11) remains exact on the generalized eigenspace associated to
€, i.e. after applying [mg:m]. O

Finally, we recall one more statement which is [7, Lem.10.3].

Lemma 5.2.7. Let w € []yes, Sl such that 1g(w) < lg(wg) — 2. Then there exist
distinct elements w; € ]yes, Sl for i € {1,2,3} such that w < w; < ws, w < wy =
ws, lg(wy) = lg(wy) = lg(w) + 1 and lg(ws) = lg(w) + 2. Moreover wy and wy are the
only elements satisfying these properties.

5.3. Companion constituents. We recall the statement of the socle conjecture of [13,
§§5,6] in the crystabelline case and prove it in the crystalline case under (almost) the
same assumptions as those of Theorem 5.1.3.

We keep the notation of §5.1 and §5.2, in particular p > 2, G is quasi-split at finite
places and we fix UP, S and p as in loc.cit.. We fix a point p € X5 g such that there exists
a classical x € Y (UP,p) of the form x = (p,d) for some § € T, . Equivalently by [17,
Prop.3.4] the Galois representation p is associated to an automorphic form 7 = 7. ®c7y of
G(Ap+) such that 7§" (tensored by the correct locally Q,-algebraic representation of G))

occurs in the locally Q,-algebraic vectors of S (UP, L)ys. Wedenote by hg -1 < -+ < hgrn
the Hodge-Tate weights of p; for the embedding 7 € Hom(Fj, L) (they are all distinct) and
set hg; := (o ri)retom(ry,n) for all v, i. We define X = (A)ves, = (Av1s -5 Aun)ves, €
HUESP (Zn)Hom(Ff,,L) with )"v,i = (AU,T,i)TEHOm(Fg,L) and )\U,T,i = hﬁ,T,n+17i +i—1 (SO A is
dominant). Moreover we assume that p; for all v|p is crystabelline generic in the sense of
§4.3, which is equivalent to the condition that the semi-simple representation W (p;) =
Pl 175, of the Weil group of Fj associated to p; in [33] satisfies (5,75 ;) orecy, ¢ {1, |k}
for i # j (compare [13, §6] when all F; are Q,). This condition doesn’t depend on the
choice of o above v. Note that, when p; is crystalline, we have 7;,; = unr(yp;;) for all
where the ¢;; are the eigenvalues of go[F 5.0:Q] op Deris(ps), so we recover the condition in
Theorem 5.1.3.

We define a refinement R as a rule which to each v € S, associates an ordering R,
on the set of characters {n;;,7 € {1,...,n}}. Let R be a refinement, w = (wy)yes, €

[Toes, Sl and define 65, = (O, w, Jves, € T, . with (see §4.2 for zv»(19)):

= (0Ryawnts -+ ORyin) 1= o(27 O (54, 0 Tecr, .., 15, o TeCr,))

T

éRv ;W



where (ji,...,Jn) is the ordering R, on {1,...,n}. Note that the derivative of 0z ,, is
precisely wwo- A and that 6 ,, ¢, (defined as before (5.3)) doesn’t depend on w, we denote

it by drpem = (OR, sm)ves, € fp,L. Define also 2g . := (p,0r.w) € Xp5 X Tva. Then it
follows from [18, Th.1.1] and (5.5) (and the intertwinings on (Ind%pésm5§;)°° in (5.4))
that the assignment R —— g, = (p,0r.,) induces a bijection between the set of

refinements and the set of classical points in Y (U?, 5) of the form (p, §) for some d € T, ..
Note that the residue field of all the points xx ., (a finite extension of L) doesn’t depend
on R or w, and increasing L if necessary we assume it is L.

The structure of Verma modules ([41, §5.2]) and the theory of Orlik-Strauch (extended
as in [12, Th.2.3] and Remark 5.1.2) imply that the irreducible constituents of:

Gy Gy _
F2 (8r) = F2 (U(g) @pgs) (—wn - 1) )
are the locally Q,-analytic representations of G, over L:

(512) fg: (z(_w/UJO ’ )‘)vaéR,sm5§;> = ®UES,,JT-§: (Z(_w;wO,v : /\v)vvéRv,sm6§1>

v

for w' = (W, )ves, € Ilves, Sl guch that w' < w. For a refinement R and v € S,
denote by Tg ., the image of Tg 4, in Xii(p;) via (5.2) and set:

(5.13) wr = (Wry)ves, € [ S
vES)
where wg, = Wag o € S,[IF »Qr] {5 the permutation associated to TRuwew € Xuni(Pg)

defined just before Proposition 3.6.4. The following is a direct generalization of the socle
conjecture of [13, Conj.6.1] (where all F; were Q,). Recall that m, C R;g[1/p] is the
maximal ideal corresponding to p.

Conjecture 5.3.1. Let R be a refinement and w € J],eg, S then we have:
HOIHGP (Fg: (Z(_wwo ' )\)\/’ éR,sm(SEi)v g(Upa L):ll’g [mp]) 7é 0
if and only if wr < w.

Remark 5.3.2. We point out that this conjecture is strictly stronger than predicting the
set of companion points of x = (p, 2* 0r sm) € Y (U?,p), that is, Conjecture 5.3.1 implies:

(p, 2" drsm) € Y(UP,p) <= p = wwp - A with wg < w.

In the following, we use the notation in the statement of Theorem 5.1.3.

Theorem 5.3.3. Assume F/Ft unramified, UP small enough (see (5.6)) with U, hyper-
special if v is inert in F and p(QF(m)) adequate. Let p € X5 5 coming from a classical

point in Y (UP,p) such that p; is crystalline and goq;,igog’} ¢ {1l,q,} fori# j and v € S,.
Then Conjecture 5.3.1 is true.

Proof. We use notation from the proof of Theorem 5.1.3 and we shorten IT%==a0 in []22
éR,wo in éR? TR, wo in IR, ‘ng (f(—wwo ' )‘)vaéR,smééi) in Hw and U(g) ®U(b) % in M(M)
The proof being a bit long, we divide it into several steps.

Step 1 ~

If Homg, (I, S(UP, L)3%s[m,]) # 0 then it follows from [12, Cor.3.4] (and Remark 5.1.2)

that the point xg ., € X354 % fp,L sits in Y/ (U?,p). Denote by zg ,,, its image in Xi,i(7;)
78



via (5.2). By Theorem 4.2.3 this implies wg , < w, for all v, hence wg < w. We are thus
left to prove that Homg, (IL,,, S(U?, L)2%[m,]) # 0 if wg = w.

Step 2

The action of R;s on S (UP, L)ys factors through a certain quotient Rj;s, hence we
can see p as a point of (Spf R;s)"8. Moreover we have a surjection Ro/aRs — R;s
which induces a closed immersion (Spf R;s)"® < X, and we can also see p as a point
on X. Still denoting by m, C Ry[1/p] the maximal ideal (containing the ideal a)
corresponding to the point p € X, (under the identification of the sets underlying X
and Spm Ry [1/p]), from M [a] ~ S(UP, L)ys we get I12[m,] ~ S(U?, L) [m,]. It is thus
equivalent to prove Homg, (IL,,, 1125 [m,]) # 0 if wg < w. From Lemma 5.2.2 (applied with
= A and v = wwy - A) it is enough to prove Homy(g)(L(wwy - ), T22[m, )0 [ms ] # 0
if wg < w. If V is an A-module and m a maximal ideal of A, define V[m™>] := U1V [m®].
As L(wwyg - ) is of finite type over U(g) we have:

(5.14) HomU(g)(L(wwo . /\); Hg[m;o])UO [mg; sm] =

Uezt Hom gy (L(wwg - A), T2 [m3]) " [mg?, |,

Since the right hand side of (5.14) is nonzero if and only if:

Homy g (L(wwo + A), T [m,])°[mg,, ] # 0,

| #£0if

we see that it is enough to prove that Homy g (L(wwp - A), I120[moe])% [mge
WRr = W. ’

Step 3

For a point y € Xz x 1(Xui(p,)) x U? denote by 7, (resp. m,, ) its image in X, (resp.
the corresponding maximal ideal of R[1/p]), by (1y)ves, its image in X5 and by e its
image in TP,L. We assume that the image of y in Xz lies in the smooth locus of the
reduced rigid variety Xz», that y is crystalline generic (i.e. each r, is crystalline generic
as in the beginning of §5.3), and that the image of y in X,;(p;) is strictly dominant in
the sense of [17, §2.1]. We define p = (piy)ves, € [lpes, (Z")1F7L) as we defined A
at the beginning of §5.3, w, € [],cs, SY7®! as we defined wg in (5.13), and for each
w € [lyes, SFo®] such that wy, = w we define y,, € X? X 1(Xyi(p,)) X U? as we defined
ZTrw (note that we use here Theorem 4.2.3 and that y,, = y). We let ¢, be the image
of 4, in fpyL (the derivative of ¢, is wwy - ). We also define p"* = (pu")yes, with
gt = (fv,ri — T + 1) retom(ry,z) (compare with ¢ in (5.1)).

We assume y,, € X,(p) for some w € [[,eg, SIFeel guch that w, < w. Arguing as
in the proof of [17, Th.5.5], it follows from Lemma 5.2.6 and from Lemma 5.2.5 that
the functor Homy g (—, II22)% [m][m> | from O to the category of Ro[1/p]-modules

Ty w

is exact. Thus for every short exact sequence 0 — M; — My — M3 — 0 in O we have a
short exact sequence of R..[1/p]-modules:

(5.15) 0 — Homyy(g) (Ms, TS [mP®)) 0 [m® | — Homy(g) (Mo, T2 [m?®)) 0 [m |

— HomU(g) (Ml, Hig[mi])% [m;j ] — 0.

,sm
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We have moreover:

o
Ty

Homyy( (wwp - g, Jp, (II) ) [m7 ] [m° |

C T, (T2 ]

12

Hommy g) (M (wiw - 1), T[] o [me |
(5.16)

-

Homy g (ww - o, (I32) %) [m33] [m

Ty =w,sm w,sm

12

=w,sm
Ew

where the second isomorphism follows from the proof of [28, Prop.3.2.12] as in [17, (5.5)].
Recall from the proof of Theorem 5.1.3 that we have introduced the coherent Ox, -
module M, = Jp,(II22)" on X,(p). We easily check:

(5.17) T, (D) [m2][m® ] ~ Moo @0, ) Ox, )90

where Jp, (I15) [m>*][mg°]¥ ~ lim_ J B, (I152)[my, ][m{ 1" is the dual L-vector space (recall

from Lemma 5.2.3 that Jp, (I135)[m; J[m{ ] is ﬁniteidimensional). Denote by X, (5)wwo-u
the fiber at wwg-u € £%%(L) of the composition X,(p) — Ty — ¢ where T}, ;, ~» {8
is defined as in §4.3. We deduce in particular from (5.17):
(5.18)

Homy o (wwo - 1, Jp, () [m3][me” 1~ M(wwo - 1) = Moo @0y, ) OX, @ e

=w,sm

which is thus a finite type @Xp(ﬁ)wwo,wyw—module.

Step 4

We keep the notation and assumptions of Step 3. Denote in this proof by @xocfry the
completed local ring at r, of the scalar extension from L to k(y,) = k(y) (which contains
k(r,)) of the rigid space X. We have closed immersions:

(5.19) Spec @Xp(p) — Spec @Xp(ﬁ),yw — Spec @way

ww( - prYw

where the second one follows from (5.8), Proposition 3.7.3, Remark 3.6.1 and [49, Lem.2.3.3
& Prop.2.3.5]. It follows from the normality of Xz» X ¢(Xii(p,)) x U? at g, (which follows

from Corollary 3.7.10) that we have isomorphisms of completed local rings Ox,5).y, =~
@gﬁpm(xtri(ﬁp))xmgyw from which we deduce taking fibers at wwy - u:

(520) OXp(ﬁ)wwo-uyyw = Oxﬁp XL(th'i(ﬁp))w’UJO'HXUgvyw

where ¢(Xi(9,) ) wwo-p 18 defined as X, (9)ww, .. (see Step 3). In particular Spec @ X, ()

is equidimensional of codimension d := [F'T : @]@ in Spec @xoo,ry via (5.19) as so is

wwg - s Yw

Spec @L(Xtri(ﬁp))www,yw in Spec @%;p,(ru)m see §4.3.

Denote by Z4(Spec @xm,ry) the free abelian group generated by the irreducible closed

subschemes of codimension d in Spec @xwry. If £ is a finite type Ox_ ,,-module (e.g.
& = Homy(g) (M (wwp - 1), T2 M) [m2® 1Y by (5.16) and (5.18)), define as in (2.13):

Ew,sm

€] :=>"m(Z,8)[Z] € Z(Spec Ox__ )

where the sum runs over all irreducible subschemes Z of codimension d in Spec Ox_ ,
and m(Z,€) = length 5 &, (nz being the generic point of Z). If:
(OXP<P)ww0»uxyw)nZ
00— My — My — M3 —0
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is a short exact sequence in O it follows from (5.15) that we have in Z4(Spec @%wry):

=w,sm

+ {HomU( )(Ms, I3 [m; DUO [mew sm]v}'

[ Homyy(g) (Mo, TE2[me]) o [m2 1V] = [ Homy g (My, T2 [m2]) P [me Y]

In particular since the irreducible constituents of M (wwo - ) are the L(w'wg - p) for
w' < w (see [41, §5.2] or §2.4), we deduce in Z(Spec Ox._, r,) Dy dévissage (see §2.4 for

Py (1)):
[M(wwo - )] = D Puguwwew (D [L(w'wo - )]
w' 2w
where:

£(w'wy - 1) = Homy(g) (L(w'wy - o), T [m3E]) 0 [m® ],

=w,sm

Note that the (’A)xoomy—module L(w'wy - ) doesn’t depend on w such that w > w'. Since
moreover L(w'wy - pt) # 0 implies w, < w’ by the same arguments as in Step 1 and Step
2 using Theorem 4.2.3, we obtain:

(5.21) Mwwo - )] = Y. Pugwawow (1)[L(wwy - )] € Z4(Spec Ox__ )
wy 2w’ 2w
Likewise, it follows from (5.20) and from (4.9) that we have:
(5.22) 0%, g = 2 Pugwwow ()€ € Z4(Spec Ox_ 1, ).
wy 2w’ <w

Here €, is the cycle in Z%(Spec @xw,ry) obtained by pull-back along the formally smooth
projection Spec Ox,, — Spec Ox;p,(rv)v from the product over v € S, of the cycles

denoted €&, in §4.3. Note that we have €, # 0 for w, < w’ < w. Moreover €, doesn’t
depend on w (such that w = w’).

Step 5

Fix X? C Xz an irreducible component, 4” its (Zariski-open) smooth locus and fix a
point y € U x ¢(Xui(p,)) X U as in the first part of Step 3. We assume here that the w
of Step 3 is wy, i.e. that y = y,, € X,(p)¥ where:

X,(7) = 1 X U(Xen(5,)) X U9 1 X,p(B) = 4 x o Xewi(7,) ¥ ~") x U

(a Zariski-open subset of X,(p)). It follows from the irreducibility of X,(p)*" at y (which
itself follows from Corollary 3.7.10) and the argument in the proof of [17, Cor.3.12] using
[17, Lem.3.8] that the coherent sheaf M, on X,(p) is free of finite rank in the Zariski-
open dense irreducible smooth locus of an affinoid neighbourhood of y in X,(p)*". We
denote by m, > 1 this rank of M., (which doesn’t depend on the chosen small enough
neighbourhood of y). Recall that if £(wwy - ) # 0 then we have y,, € X,(p)* by the
same argument as in the end of Step 2 and as in Step 1 using Lemma 5.2.2, [12, Cor.3.4]
and Remark 5.1.2.

We now consider the following induction hypothesis for integers ¢ < lg(wy):

H,: fory € X,(p) as above with ¢ < lg(w,), then [L(wwqy- )] # 0 for all w = w,, and
the rank of M, in the smooth locus of a small enough affinoid neighbourhood of
Yw in X, (p)*" is still m,,.

Remark 5.3.4. The part of the induction hypothesis concerning the rank m,, is a tech-

nical tool used in the induction. However, it seems to be an interesting statement in
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its own right that this rank remains the same for all the y,,, as these points can lie on
different connected components of the eigenvariety.

It is easy to see that Hig(,) holds. We prove Hig(u,)—1, Which amounts to proving
[L(p)] # 0, [L(wywg - )] # 0 and M, free of rank m,, in the smooth locus around ¥, .
Note first that the point y is smooth on X,(p) as the image of y = y,, in Xi(p;) is
a smooth point for every v € S, by (ii) of Proposition 4.1.5 and (ii) of Remark 4.1.6.

Hence Mo is free of rank m, at y and we deduce [M(p)] = M ®0, Ox, )00 =
my[@xp(ﬁ)my]. From (5.21) and (5.22) with w = wy we get:

(5.23) (M()] = [£()] + [L(wywo - 0)] = myuq +my €y, € Z(Spec Oz, )

using Pi1(1) = P wyw, (1) = 1 (as wow, is a simple reflection). Let us first prove [£(u)] #
0 (which is a priori stronger than just £(u) # 0). Assume [L£(p)] = 0, then (5.23) gives
[L(wywo - )] = myCyy + my€,, # 0 so that y,, € X,(p)*". But applying (5.21) and
(5.22) with w = w, we get [L(w,wp - pt)] € Z~o,, which is a contradiction as m, &, # 0,
thus [£(u)] # 0. Now, by Lemma 5.2.2 applied with v = g, II*" = IZ2[m? | for all

s > 1, and using that fg” (f(—,u)v,l[t]smgsmégi) is locally algebraic for all ¢+ > 1 and

that l[t]smgsmégj is an unramified representation of 7),, we deduce injections of R..[1/p]-
modules:

Homy ) (L (p), T2 [m32]) " [me° | < Homg, (L(p), T [mp?]) < Homyg, (L(p), TI2E).
By the argument in the proof of [17, Th.3.9] we obtain that:
support(HomU(g)(L(u), Hig[mfj])Uo [mZ° ]v) C Spec @u

H
Csm P x %ﬁ
Pp

~ Cyp

T_
FxUI,ry

as subsets of Spec @xm,ry where the isomorphism follows from (4.8) (O T

HT _
UP X XETT T U9y,
)

being the completed local ring of the scalar extension from L to k(y)). Fromp(5.23) we
necessarily deduce [L(p)] € Z-o€y,. Since €, # 0, we then obtain [L(wywy - it)] # 0
from (5.23). The sheaf M, is free of some rank m; > 1 in a neighbourhood of y,,, by [16,
Th.2.6(iii)]. Applying again (5.21) and (5.22) with w = w, we get [L(wywq-p)] = m, &y, ,
which plugged into (5.23) together with [L(y)] € Z5o€,, forces m; = m,. This finishes
the proof of Hig(ug)—1-

Step 6

For w € [[es, Sl endow Homy ) (wwo- g, T [u]) Y0 (vesp. Homp gy (wwo-p, Jp, (II22)))
with the topology induced by Homp (wwq - p, 122 [u]) ~ II22[u] (resp. by Homj(wwy -
w, Jp, (1130)) ~ Jp,(I122)). The natural 7, -equivariant morphism:

(5.24) Homy ¢ (wwp - p, Jp, (I122)) — Homyp ) (wwg - g, T2 [u]) ¥

is continuous and identifies the left hand side with the space (Homy ) (wwp - 1, TI22 [u] )70
of [28, §3.2]. The injection:

(5.25)  Homy () (L(wwo - 1), HZE)UO — Homy (g) (M (wwy - p), Hilol)Uo

~ Homyy (wwp - p, 152 [u])UO

with the induced topology on the left hand side is a closed immersion. Indeed, by a dévis-

sage it is enough to prove that, whenever we have a morphism M (v) — M (wwq - ) of

Verma modules, then the induced map Homy ) (wwy- g, T2 [u])¥0 — Homy g (v, 122 [u] )%

is continuous (and its kernel is thus closed), which easily follows from the continuity of
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the action of g on II32. Since moreover (5.25) commutes with the actions of 7, and of
R.[1/p], by [28, Prop.3.2.6(iii)] we deduce a closed immersion compatible with 7}, and
Reo[1/p]:

(5.26) (Homyr(g) (L(wwg - 1), ITT22) ) — Homp g (wwy - 1, Jp, (I122)).

Taking continuous duals (5.26) yields a surjective morphism of coherent sheaves on
Xp(p)ww()'#:
(527) Mwwoﬂ = Moo ®(9Xp(ﬁ) OXp(ﬁ)wwo-u - £wwo-u'

The schematic support of Ly, defines a Zariski-closed rigid subspace Y,(0)uwuwo-u
in X,(P)wwon and we denote by Z,(0)wwey S (Yp(P)wwo)™® the union of its irreducible
components of dimension dim X,(p)ww,u. We see from the definition of L(wwy - i) in
Step 4 that we have just as in (5.18):

~ ~

E(wwo ’ M) = ‘wao',u ®0Xp<ﬁ)wwo~u OXP(?)wwo-nyw = wao'” ®0Yp(ﬁ)wwo»u OYP@)UJWO'W?/“"

In particular £(wwg - 1) # 0 < Y € Yp(D)wwon & Yuw € (Yo (P)wwon) ™ and, arguing e.g.
as for Lemma 2.5.5:

(5.28) [L(wwo - 1)] # 0 S Yu € Zp(D)wworn < Yuw € Zp(P) o s
where ZP(ﬁ)iZ)ﬂO'u = Zp(ﬁ)wwo-u n Xp(ﬁ)up - Xp(ﬁ)w)-
Step 7

Assuming H, (for some ¢ < lg(wy)), we prove that, for any crystalline generic strictly
dominant point y € X,(p)¥, we have [L(wwyg - p)] # 0 for those w > w, such that
¢ < lg(w) and we have M free of rank m, in the smooth locus of a small enough
affinoid neighbourhood of y,, in X, (p)*"".

Consider the smooth Zariski-open and dense subset:

o~ —~ HT ~ HT ~ HT
et e T e e e R ot —er
= I W~ cxl = T X

vES) vES)

HT

Lyt = H LAt %%p = Xui(p,)

defined in the proof of Theorem 4.2.3. Since there is only one irreducible component
—~ ,HT
of Xui(p,) passing through each point of LMHT(Wg; ) by Corollary 3.7.10 (and the

o, = HT _ —~ HT _ p_ _ - . —~ HT _ . .
definition of Wp’z ), we have that Wﬁ’; er X —aut . _ LHI}T (Xtri(pp)%” aut) ﬂWpli, or i o

nonempty union of connected components of Wﬁ‘; "o Asin the proof of Theorem 4.2.3,
we define the locally closed subset:

—~ HT —~ HT —~  HT —~ HT

putt—cr,XP—aut | putt —cr,XP—aut My - —Cr pwt —cr,XP—aut

W5 w =Wy N ] Wolw, C W5
vES)

for each w = (wy)ves, € [lyes, S @] and by the same argument as in loc.cit. using

to the product of the flag varieties is still smooth

that the morphism from WgHchr,fp,aut
P

—cr,XP—au

we get the decomposition (where % is the Zariski-closure in Wﬁ*; . ' or equivalently

=BT ey
e,

—,HT -~ ,,HT
”r,u —cr,XP—aut __ ”r,u —cr,XP—aut
(529) ﬁpvw — Hw/jw pzﬂ,w/
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. —er, XP—aut .
with W2 =" ™" Zariski-open and dense.
p7

Recall from (4.3) that, for y € U4” x ¢(¢,nr (Wﬁ,;HT—cr,aep_aut)) x U9, we have:

(5.30) Y €W X utnn (WL, ")) X U9 = w0 = w,

we thus deduce from (5.29) and (5.30) that we have:

(5.31) Y € U x 1t (WL, 7V 7)) X U9 = w0 =y,
Now, for w = (wy,)ves, € Ilies, SFo®] consider the morphism (recall Wfi T
reduced by [17, Lem.2.2]):
LyHT o 1= H LyHT p,, W3 it —er — %ﬁp X Tva
vES)

where ¢ ur ,, is defined in (4.5). Fix w € [],eg, S guch that ¢ < lg(w), it follows
from (5.30), H, and (5.28) that we have:

WX TV T C (i X (10 ) X ) TH(Zy(0) 0, ) © W X TR X T,

wwo -

But the second inclusion being a closed immersion by base change, we deduce:

1i7uHT —cr, XP—au : s 1) —
W W T TR 09 C (i X (10t ) X )TN Zp (D))

Using (5.31), this exactly means that the companion point y,, of any crystalline generic
strictly dominant point y € X,(p)* such that w, < w and ¢ < lg(w) is always in
Zp(P) o Where p is defined as in Step 3. In particular we have [L(wwy - )] # 0 by
(5.28).

Let U be an open affinoid in X,(p)"" containing y,, for some w, < w and ¢ < lg(w),
to prove the second part of the statement, it is enough to find one smooth point z in U
such that M is free of rank m, at z. Consider:

U O (8 5 0t (WA, "5 < U7) € X, ()

wWwo-p?

WMHT—cr XP—aut

w )) x U9, its intersection

it contains ¥,,, and since it is open in UP x ¢(z,mr ,,(

with the Zariski-open dense subset U x ¢(¢,ur u,(I/V’i) HT_CT Fmautyy % U9 is nonzero. But

by (5.30), [16, Th.2.6(iii)] and H,, taking U small enough we know that M, is free of
rank m, at any point of this intersection. This finishes the proof of Step 7.

Step 8
Let ¢ < lg(wp) — 1, assuming H, we prove Hy_;.

By Step 5 we can assume lg(w,) = £ —1 < Ig(wp) — 2 and by Step 7 it remains to
prove that [L(wywo - )] # 0 and that M is then free of rank m, at y,,. Choose
w;, © € {1,2,3} as in Lemma 5.2.7 applied to w = w,. By H, and Step 7 we have
Yu, € Xp(p)Y for i € {1,2,3}. Moreover it follows from (ii) of Proposition 4.1.5 and (ii)
of Remark 4.1.6 that the y,, are smooth points of X,(p)"", hence M., is free at these
points. By H, and Step 7 again, its rank there is still m,. Note that if w < w" < w3, we
have w’" € {w, wy, wy, w3}. Moreover if w' < w and lg(w') < lg(w) —2, it follows from [10,
Th.6.0.4] and [10, Cor.6.2.11] that BwowB is in the smooth locus of Bwyw’B. Then [41,
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§8.5] implies that Pgwwew (1) = 1. Then, by (5.21) and (5.22) applied successively with
w = wy, w = wy and w = ws, we deduce the three equalities of cycles in Z¢(Spec Oz, )

(5.32) [L(wiwg - p)] + [L(wywo - )] = my&y, + my&y,, 1€ {1,2}

(5:33)  [Llwswo - )] + [Llwrwo - )] + [L(wawo - )] + [L(wywo - p)] = my oy + My oy
+my &y, + my &y, .

Moreover we have [L(wywp - p)] = my&,, for some m; € Zxq (if [L(wywp - )] = 0 this
is obvious and if [L(wywg - )] # 0 argue as at the end of Step 5). The equality (5.32)
then implies [£(wiwo - )] + (my, —my )&y, = m,&,,, whereas plugging the expression for
[L(wiwo - )], i € {1,2} given by (5.32) into (5.33) yields [L(wswp - p1)] + (my, —my) &y, =
my€y,. Now an examination of (4.7) together with the very last assertion in (iii) of
Theorem 2.4.7, (ii) of Remark 4.1.6 and the implication 3, # 0 = w, < w’ show:

€y, = 3w, and €,, =3, i€ {1,2,3}

where 3, are the cycles in Z¢(Spec @foo,ry) obtained by pulling back along the morphism
Spec Ox, », = Spec Ox, (r,), the product over v € S, of the cycles denoted 3, in §4.3.

If mj, > m,, then we see that 3,, must appear with a positive coefficient in the cycle
Cyw, = 3w, which is impossible since w; # w,. Likewise, if m; < my, then 3, must
appear with a positive coefficient in €,, = 3,,, which is again impossible. We thus
deduce m;, = m, > 1 and [L(wywq - )] = myC,, # 0.

y

Step 9

Theorem 5.3.3 now follows from Hig(,,) applied with y = y,,, = % (all the assumptions
on y in Step 3 are satisfied, either trivially or arguing as in the proof of [17, Cor.3.12]). O

Remark 5.3.5. (i) With a little extra effort, it should be possible to prove two small
improvements of Theorem 5.3.3. The first, as in Remark 4.2.4 and Remark 5.1.5, is
that it should be possible to delete the assumption p; crystalline for v|p (so keeping pz
crystabelline generic as in Conjecture 5.3.1). The second is that, as in [13, Conj.6.2] in the
case where all Fj; are Q,, it should also be possible, under the same assumptions (or may-
be even deleting the assumption p; crystalline as above), to prove that any irreducible
locally Q,-analytic representation C' of GG, which is a subquotient of a locally Q,-analytic

principal series of G}, over L and such that Homg, (C, S(U», L)>%[p,]) # 0 is one of the
constituents (5.12) for some refinement R and some w such that wg < w.

(ii) Several special cases or variants of Theorem 5.3.3 were already known. The GL2(Q,)-
case in the case of the completed H' of usual modular curves goes back to [14]. In [24],
Ding finds some companion constituents for GL, in the completed H' of some unitary
Shimura curves by generalizing the method of [14]. Some very partial results for GL,(Q,)
in the present global setting with all F,f = Q, (v € S,) were obtained in [25] and [13]. In
these works, there is no appeal to any patched eigenvariety, and hence one can sometimes
relax some of Taylor-Wiles assumptions. Finally, Ding proved the GLj-case of Theorem

5.3.3 in [26] without using the local model of §3 (but using the patched eigenvariety
Xp(0))-

5.4. Singularities on global Hecke eigenvarieties. We prove that the global Hecke
eigenvarieties Y (U?,p) can have many singular points.

We use the global setting of §5.1 (p > 2, G quasi-split at finite places, U?, S and p as

in loc.cit.) and denote by fz?, 1, the base change from Q, to L of the rigid analytic spaces
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over @, of continuous characters of T7. If x = (p,d) € Y(U?,p) is a crystalline strictly
dominant point such that %,igogj ¢ {1,q.} fori # j,v € S, we define w, € [[yes, SlFoiQy)
as we defined wg in (5.13).

Recall ([16, §3.2]) that there exists an integer ¢ > 0 and an embedding S, =
Or[Zi] — Rs such that the map Y(U?,p) — X,(p) factors through X,(7) X (spfs..)re
Sp L, where the map Spf L — Spf S, is the augmentation map. Moreover (see [16,
Th.4.2] and its proof), the map:

(5.34) Y(U?,p) — Xp(P) X (spt 50)s SP L
induces a bijection of the reduced subspaces.

Proposition 5.4.1. Assume F/F* unramified, UP small enough with U, hyperspecial
if v is inert in F and p(Gpyr)) adequate. Let x = (p,0) € Y(UP,p) be a crystalline
strictly dominant point such that @@,igﬁgj ¢ {1,q,} fori# j and v € S,. Then the map
(5.34) is an isomorphism of rigid analytic spaces in a neighborhood of x. In particular,

Xp(P) X (spt S.o)rie SP L is reduced at such a point.

Proof. Since @Xp(p)@ ~ @prXL(Xtri(ﬁp))ng’z by Corollary 3.7.10, we now know that X,(p)
is Cohen-Macaulay at = (by loc.cit.). Then by the argument in the proof of [16, Th.4.8]
(which needs this Cohen-Macaulay property, this was overlooked in the proof of [17,
Cor.5.18]) based on [16, Prop.4.7(ii)], we obtain that the rigid fiber product X,,(p) X (spf 5.y
Sp L (which still contains z) is Cohen-Macaulay and reduced in a neighbourhood of . [

Note that Proposition 5.4.1 gives an immediate complement to [16, Th.4.8].

Theorem 5.4.2. Assume F/F*t unramified, UP small enough with U, hyperspecial if
v is dnert in Fand p(Gpyr)) adequate. Let x = (p,d) € Y(UP,p) be a crystalline

strictly dominant point such that %71@;’} ¢ {1,q,} fori# j and v € S,. Then the rigid
variety Y (UP, p) is Cohen-Macaulay at x and the weight map Y (UP,p) — YA;QL is flat at
x. Moreover, if w, € Ilyeg, Sl s not a product of distinct simple reflections, then
Y (UP,p) is singular at x.

Proof. The Cohen-Macaulay statement follows from the proof of Proposition 5.4.1. Then
flatness of the weight map is a direct consequence of Lemma 2.3.2, applied to (the spectra
of) the local rings at x and w(x).

Let x as in the statement (without any assumptions on w,) and note first that x is
classical by Theorem 5.1.3. Thus by the argument in the proof of [17, Cor.3.12]) its image
in Xz lies in the smooth locus of Xz». Recall that it is enough to prove that z is singular
when viewed in X,(p) via Y(UP,p) — X,(p). This is the argument of the proof of [17,
Cor.5.18], except that there is a gap there since we need to know that X,(p) X spf s..yrieSp L
is isomorphic to Y (U?, p) in a neighbourhood of x, which is Proposition 5.4.1 above. Then
the proof of [17, Cor.5.18] can go on, yielding that x is smooth on X, (p) if it is smooth
on Y (UP,p) (or on X,(p) X (spf 5.y Op L), equivalently that z is singular on Y (U?,p) if
it is singular on X, (p).

For w, =< w, we define the companion point z,, € Y (U?,p) as we defined zg, in
§5.3 (it belongs to Y (UP,p) as a consequence of Theorem 5.3.3, see Step 1 in the proof
of loc.cit.) and we denote by 2’ the common image of the z,, in (the smooth locus of)

Xz x U9. Recall that the image of the “maximal” companion point z,,, in Xm(ﬁp) sits
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in Uii(p,) := Ilves, Uni(ps) (see (3.29)). By the argument in the proof of Theorem 5.1.3
(based on Corollary 3.7.10), we can find a neighbourhood V' of 2" in the smooth locus of
X5 x U9 and neighbourhoods U, and U, ,,, of respectively the image of x and of z,,, in
Xui(p,) with Uy, € Uni(p,) such that V x o(U,) (vesp. V x t(Upw,)) is a neighbourhood
of x (resp. of z,,) in X,(p). Note then that z is singular on X,(p) if and only if the
image x, of z in U, C Xy;(p,) is singular on Xi;(7,)-

As in the proof of [17, Prop.5.9] consider the automorphism j,,, x T DL — fn 1 where we
use the notation k of loc.cit. to denote the Hodge-Tate weights of (p;)ves, in decreasing
order for each v € S, and 7 : F; — L. We still denote by j,, x the automorphism
id X Ju, x of X5, X T,.. The argument in the proof of [17, Prop.5.9] based on [17, Th.5.5]
shows that:

where fgng,k,L - f]gL is the closed rigid subspace defined as in [17, (5.11)] (and taking
the product over v € S,). In particular this implies as in [17, §5.3] that we have an
injection of k(x,)-vector spaces (tangent spaces):

= = TX0i(7.) -
]wz,k(Up,wz X%\OLTl?ywz,k»L)’zp Xtrl (pp)va
P,

Then exactly the same proof as for [17, Cor.5.17] in [17, §5.3] shows that:
(535) dimk(xp) TXcri(ﬁp),xp = lg(wxwg) — dwzwo + dim Xtri(pp)

where dy, € Zxo for w € [l,eg, SF®] s defined as before Proposition 4.1.5 but for
the algebraic group [I,eg, Spec L Xspec, Resk, /@, (GLn/r,). Since dy,w, < lg(wew) if
(and only if) w,wy, or equivalently w,, is not a product of distinct simple reflections by
[17, Lem.2.7], we obtain that Xi(p,) is singular at x, in that case, which finishes the
proof. U

Remark 5.4.3. (i) The same argument as in the first part of the proof shows that if
X,(p) is singular at a companion point z,, € Y (U?,p) — X, (p) of x, then Y (U?,p) is also
singular at x,,. Hence a natural question would be to ask which of the companion points
x, € X,(p) are still singular when w # wy. This is presumably related to Conjecture
2.3.7)Via Ox, 70w =~ O xu(Xuns(5,)) xU9,2,, a1d Proposition 4.1.5 (see e.g. (iii) of Remark
4.1.6).

(ii) The equality (5.35) shows that, if we denote by z, the image of z € Y (U?,5) — X,,(p)
in Xui(7y), then dimya,) T'x,, (3,2, 15 as expected by [17, Conj.2.8]. In particular we thus
have many points where [17, Conj.2.8] holds.

(iii) When w, s a product of distinct simple reflections, then by work of Bergdall ([3])
it is expected that Y (UP,p) is indeed smooth at z. Our method a priori doesn’t give
information on Y (UP,p) in that direction.
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